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ANALYSIS AND PERFORMANCE OP CHOPPER -FED D.C, MOTORS UNDER 
MOTORING AND REGENERATIVE BRAKING 


D.C. choppers provide an efficient and economic way of 
controlling d.c. separately aid series excited motors supplied 
from constant voltage d.c. bus "bars because of their low cost, 
high efficiency, less space, fast response and their ability 
to regenerate down to very low speed. Chopper controlled d.c, 
motors find applications in under ground traction and in 
battery operated vehicles. They have also been employed in 
1500V main line d.c, traction where resistance control was used , 
previously. The other advantages of chopper control in relation 
t» traction application are smooth acceleration, better adhesion 
due to smooth and stepless control of voltage, and less mainte- 
nance. This thesis presents analysis and performance of 

i 

chopper controlled d.c. separately and series excited motors j 

under motoring and regenerative braking. - 

f. Performance and Analysis of Chopper fed D.C. Separately 
excited Motor: 

1 .1 Motoring Operation: 

H.Irie et.al. ,[l] andK, Nitta et.al. [2] have described 



the methods of calculating the motor performance and 
H* Barton [ 3] has derived the steady state transfer character- 
istics of chopper, for d.c. separately excited motor fed by 
a time ratio controlled (TRC) chopper with square wave output 
voltage, taking into account the discontinuous conduction. 
Parimelalagon and Ra^agopalan [ 4] have presented four methods 
of analysis using various approximations for a non-square 
output voltage TRC chopper with load current dependent commu- 
tation. Alexandrovitz and Zabar [ 5 ] have described analogue 
computer simulation and Damle ard Dubey [ 6 jhave described a 
digital computer programme based on point by point solution 
of differential equations valid for each mode of operation and 
using final conditions of the previous mode as initial 
conditions for each mode for a chopper with load dependent 
commutation, Rone of the methods of analysis reported so far 
have taken into account the effect of source inductance, 
armature reaction and discontinuous conduction in d.c. separately 
excited motor fed by a chopper with load dependent 
commutation. 

In the present work, methods of analysis have been 
developed which take into account the effect of source indu- 
ctance, discontinuous conduction, armature reaction and 
commutation pulse effect. Steady state transfer characteristics 
of chopper with load current dependent commutation have also 
been derived. The approach allows realisation of analytical 



methods involving much less computation time compared to exact 
solution of differential equations. A good correlation has 
been obtained between predicted and measured curves. 

The source inductance has considerable influence on 
the performance of the motor, and discontinuous conduction 
does take place in case of chopper with load dependent 
commutation unless the chopper is operated at high frequency. 

1.2 Regenerative Braking: 

G-. Kimura and M. Shioya [7 ] have derived a method of 
analysis of TRC chopper controlled d.c. separately excited 
motor under regenerative braking assuming ideal square wave 
output voltage, neglecting chopper commutation pulse and arma- 
ture reaction of machine. The effect of source inductance on 
the performance characteristics of machine has not been 
investigated . 

In this part of the thesis, a systematic analysis has 

been carried out to predict the braking characteristics under 

regeneration. The analysis has been done both for square wave 

chopper and non-square wave output chopper with load dependent 

commutation. Normalised boundaries have been obtained which 

separate the regions of continuous and discontinuous conduction 

on the normalised speed torque plane for various values of 

— ratio. An approach has been presented for selecting a 
T a 

suitable value of armature circuit filter inductance with a 



view to reduce the area of discontinuous conduction to a small 
region, to optimize the regenerative power, maximise the 
efficiency of regeneration and to keep the armature current 
ripple within low tolerable limits. The effects of chopper 
commutation pulse, armature reaction of machine and the effect 
of source inductance on the braking characteristics have been 
investigated. The predicted results agree well with the 
actual results. 

2. Chopper Controlled D.C. Series Motors: 

2.1 Motoring operation: 

The mam problem m the analysis of chopper controlled 
d.c. series motor arises due to non-linearity of the magnetic 
circuit of the motor. The analytical methods of analysis of 
d.c. series motor fed by chopper with square wave output voltage 
have been described by P.W. Franklin [8] for choppers with 
current limit control (C1C) and by Dubey and Shepherd [9]»for 
choppers with TEC as well as CLC. B. Mellitt and M.H. 

Rashid [10] and Damle and Dubey [11] have described computer 
based numerical methods of analysis for calculation of motor 
performance when fed by a chopper with load dependent commu- 
tation. Dubey [12] has developed an analytical method for 
this case by extending the method described in Reference [9]* 
None of these methods account for the effect of eddy currents. 

T. Fujimaki et.al [13] have developed a dynamic model of the 



motor which takes eddy current effect into account. The 
relevant equations have then "been employed to predict transient 
response. None of ihe above methods have taken the effect of 
source inductance into account* 

In this part of the thesis, a general method of analysis 
of a TRC chopper controlled d.c. series motor has been presented. 
First, a systematic modelling of a series motor has been done. 

The saturation of magnetic circuit, armature reaction and 
eddy current effects have been taken into account in this 
modelling. An empirical formula has been suggested to take 
into account the variation of field and armature circuit 
inductances with armature current. The machine back e,m.f. 
coefficient has been taken as function of average armature 
current and it takes into account both saturation and armature 
reaction effect. To estimate the effects of eddy currents on 
the armature induced e.m.f., two approaches have been used. 

First, a dynamic field circuit model based on field theory 
has been identified using transient response. Secondly, an 
empirical formulation based on extensive experimental results 
on typical d.o. machines having different designs of magnetic 
circuits, has been developed to take into account the eddy 
current effect. The second approach being much simpler to 
implement in the analysis of chopper fed series motor, has 
finally been adapted. The effect of chopper commutation pulse 


has been taken in to account in the analysis. The influence of 
source inductance on th e machine performance and chopper commu- 
tation has been investigated. It has been shown that for 
reliable prediction of ripple m armature current, incremental 
inductances should be used and eddy current effect should be 
taken into account. The predicted results agree well wi th 
the experimental results. 

2.2 Regenerative Braking Operation! 

The regenerative braking of chopper controlled dc series 
motor is some what complicated because of stability problems. 

R. Wagner [14] has reported that instability of operation occurs 
resulting m loss of current control, at high speeds. He has 
suggested circuits to overcome these problems. Barrer and 
McLoughlin [ 15] and Loderer [ 1 6] have considered the circuit 
aspects of regenerative braking. 

The thesis describes a steady state analysis method 
of chopper-fed dc series motor under regenerative braking 
taking into account the effect of magnetic saturation, chopper 
commutation interval and the effect of source inductance. 

The effects of commutating capacit or , armature circuit 
inductance and source inductance on the braking speed-torque 
characteristics, braking power and stability of the drive 
have been investigated. It has been noted that an oversized 
commutation capacitor improved the stability and that the 



source inductance while improves the stability of braking 
characteristics it reduces the regenerated power for the 
same values of speed and duty ratio. 

The predicted results corroborate well with 
experimental results. 

The last part of the thesis describes the effect of 
source inductance on the commutation in various chopper 
circuits. A discussion has been given in the concluding 
part of the thesis. 



CHAPTER I 


INTRODUCTION 

D.C. choppers are used for the speed control of d.c. 
series and separately excited motors supplied from constant 
voltage d.c. busbars because of high efficiency, economy, 
less space, simple control circuitry, fast response and their 
ability to regenerate down to a very low speed. Choppers 
have been employed in 1500V main line traction where resistance 
control was used previously and it has been reported m the 
literature that a net saving of energy of the order of 20 - 30 $ 
has been achieved. The other advantages of chopper control 
in relation to traction application are smooth acceleration 
due to stepless control of voltage, better adhesion and less 
maintenance. 

A detailed analysis of chopper controlled d.c. separately 
and series excited motors under motoring and regenerative 
braking, taking various parameters and machine nonlinearities 
into account, has been undertaken in the present 
investigation. 

1 .1 STATE OP ART: 

In this section a brief review of the existing 
literature has been presented. 
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1.1.1 Chopper Control of JD.C. Separately Excited Motor 

D.C, separately excited motors have good torque-speed 
characteristics and therefore, they are preferred in variable 
speed drives fed from constant voltage d.c. bus bars. Chopper 
control of d.c. separately excited motor provides a wide 
range of speed control. 

H. Ine et al [l] and K. Eitta et al [2] have described 
analysis of TEC chopper controlled d.c. separately excited 
motor for square wave output voltage including discontinuous 
conduction. T.H. Barton [3] has derived the steady state 
transfer characteristics of a square wave chopper. Parimela- 
lagon and Rajagopalan [4] have presented four methods #f 
analysis using various approximations for a IRC chopper fed cUc . 
separately excited motor using load current dependent 
commutation. Alexandrovitz and Zabar [5] have described 
analogue computer simulation and Damle and Dubey [ 6] have 
presented a digital computer based analysis. 

1.1.2 Chopper Control of d.c. Separately Excited Motor under 
Regenerative Braking 

Regenerative braking is used to save energy. The 
chopper is suitable for regenerative braking in d.c. motors. 

It is connected m parallel with the armature circuit of 
the motor. By controlling the duty ratio, the regenerated 
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power xs controlled. Usually an additional external inductance 
is connected in the armature circuit. G-. ivimura and 
M. Shioya [ 7 ] have derived a method of analysis of TRC chopper 
controlled separately excited motor under regenerative 
braking assuming ideal square wave output voltage neglecting 
armature reaction and the effect of source inductance. 

1.1.3 Chopper Control of Series Motor 

D.C. series motors are widely used in railway trac- 
tion due to their high starting torque characteristics. D.C. 
choppers are suitable for efficient and smooth control of 
series motors, P.W. Franklin [8] presented an analytical 
method of performance calculation of d.c. series motor fed 
by choppers with current limit control (CLC) and Dubey and 
Shepherd [9] have developed methods of analysis of the motor 
when fed by choppers with TRC as well as CLC. B. Mellitt 
and M.H, Rashid [10] and P.D. Damle and G.K. Dubey [11] have 
described computer based analysis of TRC chopper fed d.c. 
series motors with load dependent commutation taking satura- 
tion of the magnetic circuit into account. Dubey [ 12 ] has 
extended the analytical method described m reference Qfj 
to the case of chopper with load dependent commutation. 

T. PujLmaki et al [ 13] have developed a dynamic model of 
a series motor taking into account variation of armature and 
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field, inductances with magnetic saturation and eddy current 
effects. A graphical technique has been used to identify 
the dynamic field circuit parameters. Then a digital 
computer simulation has been done under transient conditions. 

1.1.4 Regenerative Braking of Chopper Controlled Senes Motor 

Regenerative braking of chopper controlled d.c. series 
motor has many problems associated with it. In some cases, 
regenerative braking is carried out by connecting the field 
circuit to a separate source, l.e. as a separately excited 
motor. R. Wagner [ 14] has reported instability of operation 
of chopper controlled series motor under regenerative braking 
resulting «in loss of current control at high speeds. He has 
suggested some circuits to over come these problems. W. 
Farrer and McLoughlm [ 15] and P. loderer[ 16] have described 
different circuit aspects of regenerative braking. 

1.2 PRESENT INVESTIGATION: 

The present work aims at studying performances and 
developing simple effective analytical methods for reliable 
prediction of performances of TRC chopper fed d.c. separately 
and series excited motors under motoring and regenerative 
braking. 
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A method of analysis has been developed for a TRC 
load current commutated chopper controlled d.c. separately 
excited motor taking discontinuous conduction into account. 

The effects of source inductance, armature reaction of the 
machine and the effect of chopper commutation pulse on the 
motor performance have been highlight ened. A number of new 
modes are present which have not been reported so far . It 
is shown that the source inductance influences the perfor- 
mance cf d.c. separately excited motor by reducing the 
effective 'on interval' of the chopper. As a result, the 
torque speed characteristics become more drooping than in 
the case when there is no source inductance. The effect of 
source inductance and discontinuous conduction on chopper 
commutation has been considered. The influence of chopper 
frequency on motor performance has been investigated. If the 
chopper operating frequency is not high, it has been found 
that discontinuous conduction does occur m a wide range of 
torque-speed plane. It is experimentally established that 
the use of a suitable buffer condenser bank at the source 
terminals neutralizes the effect of source inductance. The 
influence of chopper commutation interval and source inductance 
on the transfer characteristics have been discussed. 
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Analysis has also been done for regenerative braking 

of TRC chopper fed d.c« separately excited motors. First, 

an analysis is presented using a square wave output voltage# 

The normalised boundaries of discontinuous conduction have 

been shown on the normalized torque-speed plane for different 
T 

“sr~ ratio. An approach has been presented for selecting a 
x a 

suitable value of armature circuit filter inductance with a 
view to reduce the region of discontinuous conduction, keep 
the armature current ripple within permissible limits, 
optimize the regenerative power, and to maximize the efficiency 
of regeneration. Secondly, the analysis has been extended 
for nonsquare wave chopper taking chopper commutation interval 
into account. The effects of armature reaction and soiree 
inductance have been included. Use of a buffer condenser 
at the source terminals neutralizes the effect of source 
inductance. 

The performance equations of chopper controlled d.c. 

series motors are nonlinear. For the purposes of analysis, 

a method of modelling of series machine has been developed. 

The saturation of magnetic circuit, the effect of armature 

* 

reaction and the influence of eddy currents induced in the 
field cores due to time varying excitation current supplied 
by the chopper have been taken into account in the 
modelling. 
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An empirical formula has been developed to take into 
account the variation of field and armature circuit inductan- 
ces* The machine back e.m.f. coefficient has been taken 
as a function of average armature current, taking into 
account both saturation and armature reaction effect. To 
evaluate the effects of eddy current on the dynamic armature 
induced e.m.f., two approaches are used. First, a dynamic 
field circuit model based on field theory has been identified 
from transient response using a least square error criteria. 
Secondly, an empirical formulation has been done based on 
extensive experimental results. The second approach being 
simpler, has been used m the analysis of chopper fed series 
motor. The effect of chopper commutation pulse and also 
the effect of source inductance on the motor performance 
have been taken into account. It has been found that eddy 
currents do not influence the machine torque-speed characteri- 
stics significantly but they do influence the armature 
current ripple appreciably. It is shown that for correct 
prediction of ripple in armature current, incremental indu- 
ctances are to be used along with eddy current. It has 
been found that the source inductance adversely affects the 
performance of chopper controlled motor. 
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Method of analysis has been presented for TRC 

chopper controlled series motor under regenerative braking 

taking into account saturation of magnetic circuit, 

armature reaction and chopper commutation interval and th§ 

influence of source inductance. The effects of chopper 

commutating capacitor, -r— ratio and the influence of 

x a 

source inductance on the braking characteristics of the 
motor are investigated. It has been found that stability 
of operation under regenerative braking of chopper fed 
series motors is quite critical. An oversized commutating 
capacitor improves the stability of operation. The 
source inductance while improves the stability of braking 
characteristics, it reduces the regenerative power for 
the same values of speed and duty ratio. A suitable value 
of "buffer condenser at the source terminals neutralizes 
the effect of source inductance. 

1.3 DETAILS OF VARIOUS CHAPTERS: 

Chapter II describes the analysis and performance 
of chopper controlled d.c, separately excited motor. 

Chapter III presents the regenerative braking asp- 
ects of separately excited d.c. motors controlled by 
a chopper. 
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Modelling, analysis and performance of chopper fed 
d«c. series motors are described in Chapter IV. 

Chapter V deals with analysis and performance 
of chopper controlled series motors under regenerative 
braking . 

Chapter VI considers the effect of source inductance 
on commutation of various choppers. 

Chapter VII presents important conclusions of the 


complete work 



CHAPTER II 


PERFORMANCE AND ANALYSIS OP CHOPPER FED D.C. SEPARATELY 

EXCITED MOTOR 


2.1 INTRODUCTION r 

In some chopper circuits, the output voltage is 
either a square wave or can he approximated by a square 
wave. In some chopper circuits particularly those using 
load dependent commutation, the output voltage is neither 
square wave nor can be approximated by square wave without 
loss of accuracy. 

The analysis of a d.c. separately excited motor fed 
by a chopper with square wave output voltage and time ratio 
control (TRC) has been described by K. Hitt a et al. [2] . 

The method deals with both the continuous and discontinuous 
conduction operation of the machine. T.H. Barton [3] has 
derived the steady state transfer characteristics for this 
case. 

Panmelalagon and Rajagopalan [ 4] have presented 
four methods using various approximations for the analysis 
of a separately excited d.c. motor fed by a chopper with 
load current dependent commutation (non square output 
voltage) neglecting discontinuous conduction. Notable 



among these methods are the one with the assumption of 
constant current during commutation and the other with an 
exact solution of differential equations describing varicus 
modes of operation either numerically or graphically. 
Considerable error was obtained though the second approach, 
involving a large amount of computation, gave better 
results. These authors then suggested the use of a resis- 
tance value 33$ higher than the one obtained by d.c. 
resistance test and that gave improved accuracy. This analysis 
suffers from the following limitations. 

( 1 ) The effect of source inductance has not been taken 
into account. The source inductance has considerable effect 
on the motor performance, because, firstly, it prolongs the 
free wheeling interval and reduces the effective on interval 
of chopper, and secondly, it changes the voltage to which the 
commutating capacitor is charged and thus varies the duration 
and strength of the commutation pulse. 

(li) The discontinuous conduction has been neglected* 

The region of discontinuous conduction on the torque-speed 
plane depends on the chopper operating frequency and the 
armature circuit inductance. In small size drives, the use 
of additional inductance is normally avoided because of 
additional cost (which forms a significant percentage of 



12 


total cost of the drive), volume and weight. Due to this, 
discontinuous conduction is always present. In many low- 
cost choppers, the control range decreases as the frequency 
of operation is increased. Therefore, if a wide range of 
control is desired, chopper may have to be operated at low 
frequency of the order of 200 Hz. In such cases, disconti- 
nuous conduction takes place m a considerable region of 
torque speed plane and therefore the analysis should take 
the effect of discontinuous conduction into account. 

( 111 ) The armature reaction of the machine has been 
ignored. Though the effect of armature reaction is small 
in machines with compensating windings, but in small size 
machines, compensating windings may not be provided and in 
that case armature reaction has considerable influence on 
the motor performance. 

(iv) The a.c. component of current, which is only a 
small percentage of the d.c. component, is not expected to 
increase the armature resistance value by such a large 
amount (33$ as assumed by the authors). Furthermore, the 
percentage of a.c. component varies with the load current 
and the 'mark period ratio* of chopper and therefore if 
at all appreciable change in resistance occurs it can not be 
taken to be a constants*. 
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In this chapter, a general method of analysis has 
been presented which removes the limitations mentioned 
earlier, by taking into account the effect of source induct- 
ance, discontinuous conduction and armature reaction* It 
assumes constant current during commutation interval, an 
assumption which is always valid except under very light 
load conditions. The method allows the realisation of an 
analytical method involving much less computation time 
compared to exact solution of differential equations valid 
for various modes of operation, either numerically or 
graphically. No such assumption of 33% increase m resistance 
has been made and the accuracy is quite good. The steady 
state transfer characteristics of a chopper controller feeding 
a back e.m.f . load have been given. The effects of chopper 
commutation pulse and chopper operating frequency on the 
steady state transfer characteristics have been demonstrated. 

2.2 ANALYSIS OF CHOPPER FED D.C. SEPARATELY EXCITED MOTOR 
WITH SOURCE INDUCTANCE [18 ] 

Figure 2,1 shows a schematic circuit diagram of a d.c, 
separately excited motor controlled by a chopper with load 
dependent commutation. L g is the inductance of source. The 
chopper used is a 2 thyristor chopper with load dependent 
commutation. There are many other chopper circuits employing 




Z* 2.1 Chopper Controlled D«c. 

separately excited motor. 






fiQ, 2.2 iSquivalant Circuits of Chopper Controlled O.C. Separately 
incited Motor* 



15 


load dependent commutation. However, the basic approach 
developed here for 2 thyristor chopper of Pig. 2.1 can be 
employed for any other chopper with load dependent 
commutation. 

The induced back e.m.f. of a d.c. machine is given 
by 

e = K e 0 ^ = f(i f .i a ).U>* K.U) (2.1) 

' i f = constant. 

In absence of armature reaction, Ihe e.m.f. coefficient K 
will be a constant. But due to armature reaction flux, K 
will be a function of i . In case of chopper controlled d.c. 

St 

motors, the armature current i fluctuates between a maximum 

a 

and a minimum level and as a result of this, the performance 
equations are 'nonlinear. For the purpose of analysis, 

K(i a ) can be taken to be equal to K(I aV ). The analysis is 
then carried out based on the following assumptions: 

i) the thyristors and diodes are ideal switches; 

ii) the resistances and inductances are constants; 

iii) under a specific operating condition, the motor 
speed is constant w ' l. .. • 

iv) during commutation, the armature current remains 
constant . 
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2.2.1 Continuous Conduction: 

Duty Interval (0^ t 6T) 

This interval starts with "the firing of the mam 

thyristor T.^ as shown m Figure 2.1. Prior to this, under 

steady state condition, the armature current was free wheeling 

through the free wheeling diode D^. Due to the presence of 

source inductance, liie source current i_ linearly rises and 

it reaches the value after an interval of jiT. At this 

instant, the source current and the motor current are equal 

and therefore, free wheeling stops. The equivalent circuit is 

shown m Figure 2.2(a). The idealised voltage and current 

wave forms are shown in Figure 2.3- The differential equations 

describing this mode are given by 
di 

L s * ”dt~ = V for 0 — t ti T (2.2) 

with i g (0) = 0 and i g ( nT) ■ Z a1 ' say) 

From equation (2.2), 


l 


s 


= ( 



» * — ( I /V« T • ) • 


(2.3) 


At t = *iT, the free wheeling stops and the armature current 
rises exponentially and the differential equation is given by 
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di 

V = ( L +L ) . ~-r§ + R.i + 5 for 1*1 ^ tr£~ 6T 

a- S CL "C cl 

(2.4) 

with i a ( P-T) = X a1 
The solution is 

V E r -(t- WD)/T' -(t- |H)/T' 

i - [ 1-9 a ] + I = i . e a 

a R 

(2*5) 

L +1 


where, T^ = and R = R Q +R 


a s 


At t — 6T, i a ( 6T) = I a2 (say) 


** I a2 ~ R 


UP v - ( 6 - »0*/V 

V — ‘Jj; r ^ a 1 . T Cl 


-( 

i- [1-e a ] + I a1 .e 


( 2 . 6 ) 


If the source resistance is small, then we can take R a ^ R* 
II. Commutation Interval' 


This interval starts with the turning on of the auxiliary 
thyristor f 2 - It is assumed that the commutating capacitor 
which was charged previously to a voltage of » turns off 
the main thyristor immediately. The interval 6 C T during 
which the capacitor gets charged linearly from a voltage -V 1 
to V, on the assumption of constant current during commutation 
at the level i =I a 2 » 


i 


is given by 
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(V + v ).c 

£ = — (2.7) 

c I a2 ,i 

The equivalent circuit describing this mode is shown in 
Figure 2.2(b). 

III. Free Wheeling Interval I' 


This interval begins when the commutating capacitor 
C is charged to a voltage +V and the free wheeling diode 
is forward biased and it begins to conduct. But due to the 
presence of source inductance the capacitor C continues 
to be charged. The equivalent circuit is shown in Figure 
2.2(c). The differential equation after neglecting the 


voltage drop due to source resistance, is given by 


v = i-b • -at + V dt *c (( 6+ 6 c )T) = x ; 

The solution of i c is given by 

io = i a2 y 0 - 6 '*> 

where, \A. = — ~ — and 6 1 = (6 + 6_) 

0 — 

This mode ends when i c =0 which is given by 



( 2 . 8 ) 


The maximum voltage V 2 to which the capacitor gets charged 


is given by 


20 


(6* + ii*)t 


V 2 " V + # 


V dt I a2 . + 7 


(2.9) 


IV. Free Wheeling Interval II 

This mode starts when the capacitor current i in the 
previous mode has become zero and the capacitor has been 
charged to a voltage V 2 "]> V. The over charged capacitor C 
now discharges partially through the source and the free 
wheeling diode. The equivalent circuit describing this mode 
is shown in Figure 2.2(d). The differential equation is 
given by 


(I s +L m ) 'll' + 


° s 


i c .dt' = V-V 2 


( 2 . 10 ) 


where t' is the time measured from the beginning of the 

present mode. The solution of i is given by 

c 


1 c = 


■W/ G 


- . sin y* t ' 


where, y' Q = 


(<VV- C 


K 75 


Vo as l £ 


This mode ends when i =0 or at the beginning of the next 

c 

cycle whichever is earlier. The voltage across the capacitor 


at the end of this interval is given by 
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V = V« 

c 1 


di | 


( T _v 2 ) - d s+lm ) dt , 


t' = 7-' 

I 

-when x c = 0, 7 ^ is minimum and is given by 


r i - v - fvjy/c . I 


a2 


( 2.11 ) 


Prom equation ( 2 . 11 ) it is found that the capacitor voltage 
available for commutation is reduced by the source inductance 
and larger is the motor current, more is the reduction m 
capacitor voltage provided the capacitor gets enough time to 
discharge. Thus, the source inductance may adversely affect 
the commutation capability. The armature current starts 
free wheeling at t = ( 6+ § C )T. The differential equation 

is 


L 


a 



+ R .1 

a a 


■E 


with i & ( 6'T) = I 2 said the armature current is given by 


-#- ( 1-e 
R a 


-(t- 6»T)/T 


+ I a 2* e 


■(t- 6'T)/T 


a 


'( 2.1 2 ) 


The free wheeling of i continues upto t=T+^xT. The armature 

SL 

current at the end of free wheeling is given by 

E ^/ T a| +T ’ (1 “ S« + p)T/T a 

/ +i a2’ e 


X_.= - f~~( 1-e 


al R 


a 


( 2.1 3 ) 


Prom equations ( 2 , 6 ) and ( 2 . 13 ) by elimination of variables, 
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al 


B . V 
B a R a 


^ 1 S (l- 6 )l/!E -a(6-|i) ^ 
1-e c a 


( 6- H)0}/T a ' 


(2.14) 


a2 


E . V 

R R q 
a a 


c. 


1-e 


-(6 - |i)T/T' 


,_ e -(1- « 0 )I/T a +a(6-l») 1 


] (2.15) 


m rp 

where , a — ( "iji _ rj > ) 

a a 

Substituting 1^ from equation (2.14) into equation (2.3) 
one gets. 


!„ r , ,. e (6 -‘ l)T/ V 

I 1 = l.f- V + (1-' 6 'jt/T^-at a- (i) ^ 

a i-e 


Expanding the terms containing e and e 


» a * in 

terms of their power series and then neglecting all higher 


order terms greater than two, yields a quadratic in p. as 
A 1 \i 2 + B' ii+C f =0 


wh ere , 

A f — “a • e 


(1-6 )T/T -a 6 L * b 7 ™ 

Vi w c /j./x a a, u s /E\ 

~ 2T.R ^V'* e 


(1- 6 c )T/T a -a.6 


s , T v2 _&T/T 
* (m~T ) e £ 


2T.R * V T 
a a 


(1-6 C )I/T a-a.6 \ , (1- 6 C )T/T a " a .6 

B 1 = (1-e )~ (y) f a.e 

a 

_ I_ . _Jl . e 6T/T a ’ 

T * TR • e 

«. cL 
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I* r P (1- 6 )T/T -a. 6 
0 1 = — 6* f ~ ( 1 _© c a 
TR n 1 V V 1 8 
a 


6T/T ' 

) -( 1 -e a ) ] 


or, n 


1,2 


-£1 + 
2A* i 


/ B ’ 2 - 


lA'.C' 
2 A ' 


(2.16) 


Usually |i is a small quantity unless L is large and 


m that case ^ is approximately given by 

E , 0- 6 0 )T/T -a. 5 6T/T, ^ 

0 , -f(l-e 0 a )+( 1-e a ) 

p. = - gr ■- 


T.R. (1- 6„)T/T Q -a.6 

*( 1 - e 


a -c' *' ~a E _ . '* u c' _, 'a 


s 


\ Ju 

) *•» * 2L * © 


(1- 6„>T/T -a. fi 


T 

Ti 


6T/T a * 


(2.17) 


The commutation interval <5_T is determined as follows. 

o 


Substituting the values of and I g from equation (2.11) 


and (2.15) into equation (2*7) and then expanding the terms 

6n 


containing e 


m terms of its power series and 


neglecting all higher order terms greater than two, yields 


a quadratic in 6_ as 

c 


A. <$ + B, 6 + C = 0 

c* c 


(2.18) 


where, 


A = [ | . ( -g-) e 

£L 


5 x -T/T a +a(6- t i) C.H a/ T ^ -T/T a +a(6- ji) 


+ ~'m- a ( “m— ) - e 

a a 


E J /JEx "■' r / T a +a( 6 " 1 ^ 

T • y 0 T a ‘ T a ] 
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x, r E/ ~T/T +a(6->i) -(«-,i)T/T* B 

B = [ - ~( 1 -e a ) +( 1 -e a ) + - 


V' 


V 


-T/T +a(6-M.) 2C.R -T/T +a( 6- \i) 


U T • 

/ 0 g 


T 


a 


-T/T +a(6-p) 2C.R 

(e a a + f 


y 0 


T 


)] 


» # 


cl ,2 


I/b 2 -/ 


JL_ , XH^au 
2A - 2A 


(2.19) 


The expressions for [i and 6 C as shown in equations (2.17) 

and (2.19) are interdependent. As a first step, can 

he determined from equation (2.19) ignoring u. Next, 

this value of 5 C is used to calculate the value of ^ from 

equation (2.17) and the corrected value of 6 is again 

c 

recalculated with that value of ^ . 


‘ The load voltage and current waveforms for continuous 

conduction have been shown m Figure 2.3. The average 
armature current is given try 



'a 


dt + d a2- 



(1- 6- 6 c + p)T 
( 6+ 6 C )T 


.i *dt I 

£1 -J 


Under continuous conduction, the average armature current 
can also be conveniently found out from the expression 



25 


V( 6 - ii)-E(l- 6 ) C(V+V. ) 

c ■ — 3- 


av 


R 


+ 


a 


Substituting the values of 7^ and I a2 from equations (2.11) 
and (2.15) into above equation, 


V( 6- p)-E(l- 6 C ) 2GV 

I av “ “ R + T~ 

£1 




( 2 . 20 ) 


The electromagnetic developed torque is given by 




( 2.21 ) 


The motor speed is given by 


tO — OO = 

av R(I av ) 


( 2 . 22 ) 


2.2.2 Discontinuous Conduction: 


I. Duty Interval (0£t^- 6T) 


The differential equation describing this mode is 
given by 

di 


Y-E = (VV- dlf + E a 1 a with i a (o) = 0 


a a 


At t = 6T, 

r 1=1 

a2 “ R 


- 6T/T • 
(1- a ) 


(2.23) 


(2.24) 
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II. Commutation Interval; 6 T t ^ (§+ 5 )T 

c 

Assuming that the mam thyristor has already been 
turned off, the load current entirely flows through the 
commutating thyristor I 2 * Ike differential equation is 
given by 


<W 


di 

a 

dt 


+ R 




i dt = V-E+V. 

8 l * 


where, v c (o) = -V^ . 

The solution of this equation after neglecting the voltage 
drop due to resistance is 


. _ a2 

1 — “4 „ A • 

cl 


SiT^T • sin [V 0 * .(t-t 1 )+ 0 X ] ( 2 * 25 ) 


where, 

Vo’ 


7 = — and 0. = tan" f 


-1 


V 1 +V-E 


] 


The commutation interval 6„T is given by 

c 

1 -\f v+v ) 

6 C T = [cos { cos -(— b). s in 0 ^. y o » . 6 c j- 0 X J 

Now, due to source inductance, the capacitor C will be 
charged to a voltage V 2 ^ V. The differential equation 
describing this mode is given by 


di 

Ti . — + 

s* dt + C 


of with v c (o)=V and i c (o)= 
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The solution for i. is given by 

c 


*0 = 1^2 • C08 y 0 [ t-( 6 + S c )f ] 


where , I' 0 = 



.sm( y 0 » 


• 5 0 t+ 0 1 ) 


and. - 


1_ 

K 7 5 


( 2 , 26 ) 


This mode ends when i c =0 at t-( <5+ 6 C )T = . Now, the 

over charged capacitor will discharge partially through the 
supply and free wheeling diode and the current is given by 


x c = 


V v 


fvv? O' 


sm 


Vo" 


(2.27) 


where V 11 = — , and t 1 is measured from the instant 

discharging of C takes place. This mode ends when i =0 
which gives 


Vo" 

or, = 


. = % 

ft ->w ^ 

■y/.I ~~%t 



III. Free Wheeling Interval*. (6 + 6 

c 

The armature current starts free wheeling at 
t = 6’T, i.e. when the commutating capacitor has been 
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charged to +V and the free wheeling diode is forward biased. 
The differential equation describing this mode is given by 

L a it + V 1 * = - E Wlth V 6 '^ = J a2 (say) 

The armatur° current is given by 


p v v -6T/T’ -t'/T„ 

-§“ (1-e a )+ Cl— e a ).e a 

a a 


sin( >?' 6 q T+ 0 x ) 


sin 0^ 


(2.28) 


where, t' = t - 6'T. 


Let at t = V T, the armature current i„ become aero, 
y ’ a 

Substituting i a =0 m equation (2.28) yields 



(E/V) . sin 0. 


-6T/TJ 


(E/V). sin 0 j + (1-f).(l-e 


)sin( 


%V + 0 i } 


Under discontinuous conduction, I is given by 


V.6-(V ~6)E G(V+V. ) 

av R + T 

a 




(2,29) 


(2.30)' 


IV. Reverse Armature Current Interval 

This mode exists if the armature current has reached 
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zero value at t = yi. The commutating capacitor C will 
again discharge through the source, the motor armature 
circuit, L m and D. The equivalent circuit is shown in 
Figure 2.2(e). The capacitor will discharge only if 
E + V 1 > Y. 


The differential equation describing this 


mode is 


di 


( 1 ~KL +L ) j"jn" + R i + 
v a s m' dt ' - - 


a c C 


i .dt» = E-V+Y, 
c 1 


where, v c (o) = Y 1 and i c (o) = 0, 


The solution for i after neglecting the voltage drop 


across B. is 
a 


i = I„, . sm -^o t* 
c m 


(2.31 ) 


where, t' = (t-VT), I m = 


E+V 1 -V 




and 


m 0 = 1/yu a+V-l ).C. 


The final voltage across the capacitor is then given by 


di , 

VJ - (E+V. -V ) - (L+L+L) rr¥- | 

1 i s a m dt j t '=( 1 — y )T 


( 2 . 32 ) 


If this mode occurs and sufficient time is available for 
C to discharge, there is a strong possibility of commutation 
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failure m the next cycle. The value of in equation 
(2.30) is unknown and it can he determined approximately 
as follows. For a given 6, I ^ is determined from 
equation (2.24) and then is determined from equation 
( 2 . 11 ). 

The steady state electromagnetic torque is given 
by equation (2.21) and the speed is given by equation 
(2.221 when discontinuous conduction oust fails to occur 

-n 

(i.e. minimum i a =0), y= 1 and the critical value of (^) 
above which discontinuous conduction occurs, can be 
determined from equation (2.29) for a given 6 by trial. 

2.3 ANALYSIS WITHOUT SOURCE INDUCTANCE. 

The analysis m this case is carried out on the basis 
of assumptions mentioned in Section 2.2. 

2.3.1 Continuous Conduction: 

I. Duty Interval ( 0^ t 6T) 

This interval starts with the firing of the main 
thyristor Tj. The differential equation describing this 
mode is given by equation (2.4) with n= 0. The armature 
current is given by equation (2.5) after substituting ji= 0. 
The armature current I 2 at the end of this interval is given 
by equation (2.6) with h= 0 and T ' = T . 

® 3 
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II. Commutation Interval. 6T -4=. t -£(6+<5 c )T 

This interval starts when commutating thyristor T 2 
is turned on and on the assumption that the main thyristor 
is immediately turned off and the entire load current flows 
through the commutating capacitor and remains constant at 
the level 1 =1 g* The interval 6 C T during which the 
capacitor is charged from -V to V is given by equation (2.7) 
with 7^=7. This interval ends when C is charged to V. 

III. Free Wheeling Interval: ( 6+ 6_)T^=.t^ (1- 6- <5_)T 

C O 

This interval starts when C has been charged to V and 
i c has become zero. The equivalent circuit is shown m 
Fig. 2.2(f). 


The expression for armature current is given by 
equation (2.12). The armature current I ^ at the end of 
this interval is given by equation (2.13) after substituting 
\i= 0. The expressions for I ^ and I ^ obtained after 
elimination of variables»are given by equations (2.14) and 
(2.15) respectively with a = 0 and 0. 


The commutation interval 6„T is given by equation 

v 

(2.19). The expressions for A,B and C in this case are 
obtained after noting that = V. Thus from equation 
(2.7), 
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TP rn -T/T CR r(5 -T/T 

A = | (-£-) e ' a (-f ) . e a 

a St a 


-T/T - 6 T/T 2CR -T/T 

B = - Y'(l” e a ) +(1~e a ) + -^- a ’ e a 

St 


2CR 


T 


— (l-< 


-T/T 


a 


). 


2.3.2 Discontinuous Conduction 

I. Duty Interval : 0^ t ~ 6 T 

The armature current during this mode is given by 

equation (2.23) with T^=T a . The armature current ha at 

the end of this interval is given by equation (2.24) with 

T'=T . 
a a 

II. Commutation Interval: 6 l t£( 6+ 6 C )T 

The current during commutation is given by equation 
(2,25) with 1=0 and V.=V. The commutation interval 5 T 

B I v 

is given by 



[ cos 


(cos 0 ^- 



sin 0 jL . y 2 .C)-0 ± ] 


(2.33) 


The current at the end of this interval IVg is given by 
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equation (2.26) with 


y=== and 01 =tan " 1 [~^i^ ]• 


III. Free Wheeling Interval; ( 6+ 6 )T=£s t*=yi 

C 

The current i during this interval is given "by 

cl 

equation (2;12)» The armature current l "becomes zero at 

£l 

t= Substituting i =0 corresponding to t= VT m 

St 

equation (2.12) yields, 


y~ 6 * + 


T 

a 

T 


lQ g e 


E 


+0- |).e 


- 6T/T 


(2.34) 


The average armature current I is given by equation (2.30) 
with V^=V. The critical value of (y) cr below which 
conduction becomes continuous can be found out by trial 
solution of equation (2.34) by substituting y= 1 for a given 
value of 6 . 


IV. Reverse Armature Current Interval: T^t^(l-)/)T 

This interval exists if the armature current has 
already reached zero value at t =yT. The equivalent 
circuit representing this mode of operation is given by 
Figure 2.2(e) with L s =0 and V,j=V. If sufficient time is 
available, the commutating capacitor will get discharged 
to a low value and commutation failure may occur m this 
case also. The current i & in this case is given ty 
equation (2.31) with 1=0 and V. being replaced by V. 

S I 


* 
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This mode continues until the beginning of the next cycle. 
If this mode of operation continues for sufficient time, 
the commutating capacitor may discharge completely and 
commutation failure -will take place in the next cycle. The 
voltage on the capacitor at the end of this mode is given by 


v. 


V - 


1 


I . si n St. t ’ . dt ' 
m o 


J 


= V + 


cos Jl o (i-y)T-i | 


The analysis presented m Sections 2.2 to 2.3 are 
also applicable for a square wave output chopper except that 
commutation intervals are absent. 


2.4 CHOPPER AS A CONTROLLER FEEDING A BACK E.M.F. LOAD 

The chopper is used as a controller in high performance 
d.c. motor speed control systems. The incremental gain, of the 
chopper is an important factor in the design of control system 
employing chopper-fed d.c. motors. The steady state transfer 
function of a chopper can be defined [ 3 ] as the relationship 
between the mean output voltagg v Q delivered to the load by 
the chopper and the chopper control voltage v c . 



Average voltage across the load 
Input voltage of chopper 


= G = Open loop gain. 



The 'normalised, gam' is defined as 


F = ( 


V v _ . 

V^cm 


(2.35) 


where, 


c Available control voltage of chopper 

v cm Available maximum control voltage of chopper 


= 6 


I. Chopper with load current dependent commutation 


For continuous conduction, open loop gain is given by, 

B +X • H. 


'open loop gain’ = 


‘JBSSL 


= G 


Substituting the value of I from equation (2.20) into above, 
yields , 


0 - <a - ,0 ♦ I . a 0 + ) (2.36) 

R 

In the absence of source inductance, U = 0 and term 

is absent. 

The normalised p.u. gain = 


(2.37) 



The 'incremental gain' is defined as. 



36 


For discontinuous conduction, the open loop gam is 
obtained by substituting the value of I from equation 
(2.30) into the expression for G, as 

G = 6 + ^ (1-y+ 6 C )+ “TjT"' ( 1 + ~y^) (2.3 8) 

If there is no source inductance, then the terms containing p 
and in equations ( 2 . 36 ) and (2.37) will be absent. 

For discontinuous conduction case, is taken equal to V in. 
equation (2.38) assuming that the mode IV operation in 
Section 2.3*2 is insignificant. 

II. Chopper with square wave output voltage: 

The ’open loop gain 1 G m this case is given by 
equation (2.36) with 5 C = 0 and the terms containing y o 
and C absent for continuous conduction. For discontinuous 
conduction, G is given by equation (2*38) with 6 C = 0 and 
the terms containing C absent. 

a a 

The incremental open loop gain = = G = 1.0 for continuous 

& o 111 , , . 

conduction. 

and G in = 1- |» (|~^- ) for discontinuous conduction. 

2.5 PERFORMANCE AND EXPERIMENTAL VERIFICATION 

Experiments were carried out on a d.c. separately 
excited motor using a two thyristor load current commutated 
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chopper as shown in Figure 2.1. The particulars of the test 
motor are given below: 

Rating : 220V, D.C., 1 500 r.p.m. 

The parameters found from static test are 

L = armature inductance = .088H (at rated current) 

SL 

R_ = armature resistance = 4.13 ohms (hot) 

L = .0005 H 
m 

L = source inductance = 0.040H (unsaturated d.c. value) 
s 

The source consisted . of a 220V, D.C. 3 KW separately excited 
generator. The armature circuit inductances were measured 
using a well known bridge method described by C.V. Jones [ 17 ] . 
The back e.m.f. coefficient K(I ) is approximately taken 

cl 

to be equal to K(I av ). K(I &V ) is determined from the internal 
characteristic of the motor. Thus K(I aV ) includes armature 
reaction effect. 

The torque-speed characteristics of the test motor 
were calculated for a chopper operating frequency of 400 Hz 
using equations (2.17), (2*19) » (2.20), (2.21) and (2.22) 
taking the effect of source inductance into account .Figure 2.4 
shows the calculated and experimental chnac teri sties . There 
is a satisfactory agreement between the calculated and the 
measured curves. Calculations were also done neglecting the 
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effect of source inductance and using equation (2.19) , 

4 

■with p, = 0 and — term absent, and equations (2.21) and 

'0 

( 2.22 )« The calculated torque-speed characteristics 
without taking the effect of source inductance into account, 
are also shown in Figure 2.4. The difference between the 
two characteristics is quite significant. The decrease 
in effective • on interval of chopper due to source 
inductance reduces average voltage across motor terminals. 
Higher is the load current greater is the reduction in 
motor terminal voltage for a given 6. As a result of this, 
droop m torque speed characteristics is more. This 
shows that the predicted curves will be in considerable 
error if source inductance is neglected. It is also fcund 
that for this chopper operating frequency of 400 Hz, discon- 
tinuous conduction did not occur in the presence of source 
inductance. Figure 2.5 shows the characteristics at 400 Hz 
when a buffer condenser bank of 8000 was used at the 
source terminals. The characteristics are also calculated 
using equations (2.19), (2.20), (2.21) and (2.22) without 
taking the effect of source inductance, m which case \i- 0 
and the teims containing y Q are absent. In this case, 
however, discontinuous conduction was clearly noticeable 
and the experimental and theoretical boundaries of 
discontinuous conduction have been shown in Figure 2.5. 
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The theoretical boundary of discontinuous conduction was 
calculated from equation (2,34). The close agreement 
between measured characteristics and those predicted 
neglecting the source inductance shows that the use of a 
buffer condenser neutralizes the effect of source 
inductance . 

Figure 2.6 shows the torque speed characteristics 
of the machine for a chopper operating frequency of 250 Hz, 
m the presence of a scxirce inductance of 40 mH. With the 
same commutation circuit parameters, commutation difficulties 
were encountered at this low frequency operation because 
of two reasons: firstly, due to increase in value of I ^ an< ^- 
secondly due to reverse armature current conduction 

(mode IY operation during discontinuous conduction) which 
provided enough time for C to discharge, Commutation failure 
occurred for 6 0,5. Commutation failure also took place 
for 6 = 0.31 at high speed under discontinuous conduction 
(due to mode IY operation). It is also observed that the 
boundary of discontinuous conduction has shifted further 
to the right on the torque speed plane, i.e. increased the 
region of discontinuous conduction. Figure 2.7 shows the 
measured torque speed characteristics of the motor at 250 Hz 
when the buffer condenser bank was connected across the 
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source. Commutation difficulties were also observed in 

this case for 6 = .31 at high speed under discontinuous 

conduction due to mode IV operation. The characteristics 

were then calculated ignoring source inductance. The 

close agreement between the experimental and calculated 

curves shows that the use of a suitable buffer condenser 

bank neutralizes the effect of source inductance. Comparing 

these characteristics with those of Figure 2.6 shows that 

the region of discontinuous conduction has increased and 

speed regulation m continuous conduction region has 

become better. Comparison of Figures 2.5 and 2.7 indicates 

that the use of a high frequency eliminates discontinuous 

conduction or reduces it to a narrow region. Fig* 2.8 shows 

the variation of open loop gain (-&-) with (r 2 — ) for the 

v cm 

load current commutated chopper with C= 2.66 H>F and 
(JL. )=o.1173. The calculations were done using equations 
(2.37), (2.38) without taking the effect of source inductance. 
The line corresponding to | = 0 represents the boundary 
of discontinuous conduction for an ideal square wave chopper 
without any source inductance. It is found that the 
boundary of discontinuous conduction shifts to the left 
of | = 0 line for a load current commutated chopper, i.e. 
it reduces the region of discontinuous conduction. It is 
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also found that the ’incremental gain’ is very small 

m the region of discontinuous conduction and it is near 

about unity m the continuous conduction region. If 

considerable amount of source inductance be present f then 

’open loop gam' reduces during continuous conduction as 

it is evident from equation (2. 36). The corresponding 

d C 

incremental gam also reduces due to source inductance. 

2.6 CONCLUSIONS 

The following important conclusions are drawn 
from the above study: 

1. The method of analysis presented here is general 
in the sense that it takes into account the effect of source 
inductance, chopper commutation interval, armature reaction 
and discontinuous conduction. There is close agreement 
between predicted and experimental performance. 

2. Source inductance has considerable effect on the 
motor torque-speed curves. The droop m speed becomes 
larger and the region of discontinuous conduction is 
reduced. Since the commutating capacitor may charge to a 
voltage less than the source voltage, chopper commutation 
failure may take place if commutation capacitor value is 
selected neglecting the source inductance. The use of buffer 
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condenser bank at the source terminal, neutralizes the 

effect of source inductance, thus increasing the region of 

* 

discontinuous conduction and reducing the drop in speed. 

3. If the current zero interval stays for a long 
time, commutation capacitor may discharge and commutation 
failure may occur. 

4* The operation of chopper at low frequencies 
increases the region of discontinuous conduction on the 
torque-speed plane. For reliable prediction of machine 
performance, discontinuous conduction should be taken 
into account. 

5. The open loop gain of a chopper controlled d.c. 
motor system decreases due to source inductance. The 
chopper commutation interval increases the open loop gain. 
The incremental gam is very small under disconti- 

nuous conduction. 



CHAPTER III 


PERFORMANCE AND ANALYSIS OP CHOPPER PED D.C. 

SEPARATELY EXCITED MOTOR UNDER 
REGENERATIVE BRAKING 

3.1 INTRODUCTION 

One of the important features of chopper control is 
that it permits the regenerative braking of -the machine down 
to a very low speed thus improving the over all efficiency 
of the drive. This chapter presents a study of regenerative 
braking of chopper fed d.c. separately excited motor* 

G. Kimura and M* Shioya [7 ] have described a graphical 
technique for analysis of regenerative braking of a d.c. 
separately excited motor fed fcy a chopper with square wave 
output voltage. Their method does not take into account the 
effect of source inductance, chopper commutation interval and 
armature reaction which have considerable effect m tie 
braking performance* 

In the present chapter, initially a method of analysis 

is presented for chopper with square wave output voltage. The 

expressions have been derived for braking torque, regenerated 

power and efficiency of regeneration. The effect of filtey 

inductor on the boundary of discontinuous conduction, current 

* 
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CHOPPER IS "ON'* 



CONTINUOUS CONDUCTION 



S« 9*1 H«|«aintlTi br«2cts| of 
ohoppar oontrollii d#o# 
MftftUlT axel tad motor. 
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ripple » regenerated power and efficiency of regeneration have 
been considered and a method is presented for the choice of 
a suitable value of filter inductance. Later, the analysis 
and performance have been presented for chopper with load 
dependent commutation (with non-square output voltage), incor- 
porating the effect of source inductance, commutation pulse 
and armature reaction. 

A basic scheme for a separately excited motor controlled 
by a chopper under regenerative braking is shown m figure 
3.1(a). D r is the diode that provides the path for regenerative 
current to flow against the supply voltage V. The equivalent 
circuits under ideal conditions are shown in Figures 3 . 1 (b) 
and 3-1 -(c) • The idealised output voltage and current wave- 
forms of the chopper under regenerative braking mode have been 
shown in Figures 3.2(a) and 3.2(b) respectively. Figure 3*2(c) 
shows the armature current wavefoim under discontinuous 
conduction. In some chopper circuits, the output voltage is 
neither a square wave nor can be approximated by a square wave. 
In case of chopper with load current dependent commutation as 
shown in Figure 3.1(d), the output voltage waveform is neither 
a square wave nor can it be approximated by a square wave 
without loss of accuracy. The armature current is not a 
smooth d.c . but contains ripples superimposed on the d.c. 
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component. Daring on period, the motor is like a short 
circuited generator and during off period, it forces 
current against the supply. In both these modes, the motor 
produces braking torque. Depending upon the motor speed, & 
and (T/T a ) ratio, the armature current may be discontinuous. 
Large ripples and discontinuous conduction give rise to poor 
machine performance and commutation problems. 

3.2 ANALYSIS WHEN FED BY A CH OFFER WIKI SOJARE WAVE OUTPUT 
VOLTAGE [19 ] 

The output voltage and current waveforms for such a 
chopper has been shown in Figures 3.2(a) to 3.2(c). In a 
separately excited d.c. motor, the induced e.m.f. is given 
by 

E=K e .?). £ O av =K .W av (3.1) 

In equation (3.1), K will be a constant in the absence of 
armature reaction. In the presence of armature reaction, K 
will vary with armature current. In case of chopper, armature 
current fluctuates between maximum and minimum values. The 
average effect of armature reaction will be taken into 
account by considering K to be a function of average value 
of current I__» Thus, 

av 

K = f(I av ) (3.2) 


* 


JL . . v. .. 
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The analysis is carried out based on the assumptions (i), 
(ii) and ( 111 ) in Section 2.2 of Chapter II. 


3.2.1 Continuous Conduction 


I. Duty Interval: ( 0<.t^6T) 

The equivalent circuit describing this mode is shown 
in Figure 3.1(b). The differential equation describing this 
mode is 


di 

E = R a #i a + L a * dt S 
with initial condition i a (0) = 1 

The solution of i_ is given by 

cl 


E 


^ \ (t 


. .-vi, 


,-VT. 


■a ) + I 8 ,.. 

II. Regeneration Interval: ( $T t ^ T ) 


( 3 . 3 ) 


( 3 . 4 ) 


The equivalent circuit describing this mode is shown 
in Figure 3.1(c). The differential equation describing this 
mode is 

di 

E = H a .i a + \ if + V (5 ‘ 5) 

with x a2 - 

The solution of i is given by 

cl 


F 0-e- t/T a ) + I a2 .e-V* 

a 


a 


( 3 . 6 ) 
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In the steady state, from equations (3.4) and (3.6), we get, 
E 


I 

and 


( . ~ 6T/T T - 6T/T 

a 2 ~ r 1 ~ e a I a r e 

cl 


a 


(3.7) 


X - ( 

al R ' 


1 - e ~( * -<5)T/T a )+I ,-<1- (3.8) 


From equations (3.7) and (3.8), by elimination of variables, 
we get. 


1 - e (l ~ 6)T / T * 


T _ m E__ j z e x ' ’ ~a 

a 2 R Q R q * . "t7t, 

a a 1 - e c 


V- 

a1 R a s a 


1 . L 
~T - e-^“ a 


(3.9) 


(3.10) 


current ripple 


V ri-e‘ ( 1" 6)T / T a i-.<1-*>*/VI 
= 2R a L 1^7^ “ i-e*/ T a J 

(3.11) 

Equation (3.11) shows that the ripple is independent of E. 
The maximum value of ripple is given by 6 m corresponding 
to -jg- (Ai f ) = 0, which yields a value of 6 m = 0.5. 

0.5 T/T 


The maximum ripple = -jjgr 


e 


e 


■ 111 u1 
-5t7t^ J 


(3.12) 
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(41 i f ) 


0. 5T/T 


max 


V 

2R, 


= Normalised maximum ripple = 



(3.13) 


5.2.2 Discontinuous Conduction. 


In this case, the chopper operates in three distinct 
modes of operation, namely, duty interval, regeneration 
interval and current zero interval. 

I, Duty Interval : (O^t ^ 6 T) 


Since for this interval the initial value of i_ will be 

a 

zero, then from equation (3.4) , 

l.. = s 1 ( 1 -e" t/T a) (3.14) 

a R a 

II. Regeneration Interval: ( df^t 

Noting that I g is the value of i & at the end of duty 
interval, we get from equation(3.6) , 


1 = B=2. (,- e -VT a)+ e -t/T a . g* d-e' 6I/T a) (3.15) 

a k_ a 


Let i become zero at t - y T measured from the begining of 
a 

the duty interval, then from equation (3.15)^ 


|=2 (i-e-^-^^aJ+l- (1-e- 6I / T a).e*0 > - 6)I/I a = 0 
R Jti 


a 


( 3 . 16 ) 
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Solving for y from equation (3*1 6) yields. 




The average value of armature current can conveniently he 
calculated from 


I 


av 




(3.17) 


E 

The critical (y) cr representing the boundary between continuous 
and discontinuous conduction is obtained by letting Y = 1 in 
equation (3*16) as 


(I) 

v V ; cr 


1 -e 


-(1- <5)T/T 


-t7t~" 
1 -e a 


(3*18) 


From equation (3.18), 


( 1 - 6 ) 


T & log e f 1 “^y^cr * 


( 1 -e 


-T/T a ) 3 


(3.19) 


p K. to„ 

Now, (I?) - — tt -2, t where is the speed below which 

V CP V c 

discontinuous conduction occurs for a given 6 • Further, 
during continuous conduction 


t = 

av R„ 


( 3 . 20 ) 


and at the point of transition to discontinuous conduction 
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av 


KlO c -(1- 6)V 


(3.21) 


Substituting for (1-6) from equation (3*19) into equation 

( 3 . 21 ), 


KV , r T . -t/T s , 

—-2. + JL. .(-a) log a, [1 Vf- (1-e 7 a) 3 

a v “ R a + R a '‘T ' x L V 

Cl 


T = average torque = K.I 


•av 


av 


= ( 


2 

K .V 


>♦ s; ■*•<£ 


log* [ 1“ f/fc O-e'^a) ] 


T 

or, y^-7 

(r * k) 


Tp = normalised p.u. torque 


tOp + T 


T 

_a 


.log e [ i-W (1-e^V 3 


(3.22) 


where, = 1£ 0 = No l° ad speed 
^5-2. s iq = p.u. speed 

W> 0 P 

The equation (3.22) gives a boundary between continuous and 
discontinuous conduction on the noimalised speed and 

normalised torque T p plane for various values of gr* ratio 



Normalised ripple 


_ _ « v A tvean discontinuous and continuous 

M «- 5,5 f^otlon on nomaliaad torqu«-.p«.4 plan, for 
various values of T/T ft * 
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as shown in Figure 3*3* In order to eliminate discontinuous 

rn 

conduction, one should select that value of (sr") which gives ( 

**■ a, 

the boundary between continuous and discontinuous conduction 
to the left of the curve* Now maximum ripple is obtained 
from Figure 3*4 to check whether it is within the permissible 
value or not. 


3*2*3 Expression for Braking Power and Efficiency of Regenera ti or 

The braking power consists of the power lost m 
armature circuit resistances producing dynamic braking and the 
regenerative power that is fed back to the supply. 


P em = Total electromagnetic power developed by the machine 


during a cycle of period T. 


j_r j« 

= T 

l— 'o 


E.i_*dt+ 

a 


r 




E.i a .at =B.i air 


(3.23) 


P = Regenerative braking power 


ss E.I -I . R 
av rms a 


(3*24) 


Let P r( ^y denote the dynamic braking loss 

Also for continuous conduction 

'(1- 6 )T 


I *R (3*25) 
r.m s a 


rg T 


£ 


’ . i *dt 
a 


(3*26) 
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Substituting i from equation (3*6) into equation (3.26) 

a 

and performing the integration yields, 


^ _ T _ _ -(1- 6 )l/l Q 

a - ,) 



1=£ 


( 1 - 6 ) 1/1 


4 1/1 
1-e ' a 



1 **( 1 - 6 ) 1/1 
^).(e 


a 


-1) 3 


(3.27) 


For discontinuous conduction, P rg is obtained by substituting 

i from equation (3.15) into equation (3*26) and performing 
<Et 

the integration, thus 



-()>-6)l/l a 


-l).( 



- 6 T/T 
e 


a 


(3.28) 


The net braking torque l br is given by 
E.I 


1, 


_al 


(3.29) 


L br to 

The efficiency of regeneration can be defined as 


hrg 


P P 

1XK = - 16 - 
P E.I a _ 

em av 


(3.30) 


For continuous conduction, equation (3.27) can De rewritten 
as, 

P 


T (1~6)T/T a 


6T/1 T/T 

a - e a -1 


1 


a 


(5.31) 


rC|<! 
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Now substituting for I &v from equation (3.20) and for P 


from equation (3.31) into equation (3.30), yields 

5P/T 


r g 


- [ ( U ) r ~1 ) * ( 1 ~ 6 )+ — 


T , 0- 6)1/1, 


T/T 


+ e 


(i- TO 


- e 


a 




' “p 

where, u^ r = y ♦ 


f>r - (1- 6)u? r ] 


(3.32) 


Equation (3.32) shows that for a given x and Ia>, effieiency 

T r 

of regeneration depends on (r^), Eqiations (3.20), (3.23) and 

(3.31) show that while braking power P „ is independent of 
T em T 

<-f>. the regenerative power does depend on (^■ a ) and therefore 
depends on the chopping frequency and on the value of filter 
inductance. For discontinuous conduction, equation (3.28) 
can be rewritten as, 

, r 2 T ~(Y-6)T/T - 6T/T 

F rg = R~ r(^ r -0-(y- 6)+ ~f *(e a -1 ).<<*..« a -1 )j 

a 


(3.33) 


The effieiency of regeneration t) rg is obtained from equation 
(3.30) on substitution from equations (3.17) and (3.33) as 



T ~(V-6)T/T 

(>»> r -l) ,(y “ 6)+ -f «(e a 

u* - (y* s)o* r 


-6T/T q 

-1).(« r .e a -l) 


(3.34) 
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Equations (3*17), (3*33) and (3.34) reveal that for a given 
value of 6 and generated power, regenerated power and 

m 

efficiency of regeneration depend on and therefore on 

the chopping frequency and filter inductance. 

3.2.4 Performance and Experimental Verification; 

Tests were carried out on a d.c. separately excited 
motor whose details are given in Section 2.5 of Chapter II . 
The variation of machine e.m.f. coefficient K as a function 
of armature current I is shown in Pigure 3.5. Por practical 

cl 

purposes, K for the test machine can conveniently he 
represented hy straight line approximation for higher values 
of I under constant field, i.e., 

CL 

I 

K = -m (f a ) + K (3-35) 

X A 0 

where m is the slope of the straight line, I^ is the rated 
current and K 0 is a constant. In case of chopper control, 

I will replace I_. The calculated curves of braking torque 

3.V 3 

T^ r versus speed are shown in Pigure 3 .6 for various 

values of 6 . The measured values of torque and speed using 

an approximately square wave chopper are also shown in 

Pigure 3.6. Discontinuous conduction was found to be almost 

T 

absent for this value of r- 

i a 


= 0.034. The calculated results 
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closely agree with the experimental results after taking 
into account the effect of armature reaction on the value 
of-K aS'Shown by the relationship (3*35) - 

The curves m Figure 3.7 shows the relationship between 
6 and \jo for constant braking torques. These curves suggest 
suitable closed loop Control strategy to be adopted for 
producing constant braking torques under varying machine speed. 
The curves in Figure 3.8 show the relationship between P r g 
and Ux for different values of 5 and for different values 
of %- . The values of P were calculated using equation 
(3.27). The machine speed was calculated from the equation 


til B 

= ®77 


K(I ) was obtained from equation (3.35). The curves show 
av 

that armature reaction reduces the value of P rg for a fixed 
machine speed by a considerable amount. It is also seen that 
P reduces as 6 increases and increases with 6 as 

expected* From the value of » one can calculate the 
effective value of armature current I _ . The ’form 

_j. x *111 " fc> y 

factor' = is not a fixed quantity but varies with 6 

^av m 

as well as with (*-). For sufficiently high values of filter 

a 

inductance, the average and effective values of armature 


current are almost equal 



Prg & Prd 



— O j Pff 
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The computed curves of P versus lO for (sr 1 ) ^ 20 

with a fixed value of § are almost same and have been shown 

by a single curve for clarity. The computed curves of P for 

T & T rs 

-fjrT - 10 show that decreases as decreases for a fixed 

value of speed. This is due to increase m ripple in the 

T 

armature current. The variation of P _ with s- 2, for given 

x 

values of speed corresponding to a fixed value of 6 is shown 
m Figure 3.9. The nature of the curves reveal that P decreases 

rp 

appreciably for values of /L 10. For sufficiently low 
T 1 

values of ^ a , the conduction may be discontinuous m a wide 

region of the speed-torque plane. It is seen from Figure 3.9 
T 

that for ^ a ^20, there is practically no change in tie value 
of P for a given 6 and fixed speed. This corresponds to 

x o 

values of maximum normalised ripple S ^0.012. Thus, ihe 

T : 

value of ~ 20 can be considered optimum as it gives nearly 

maximum regenerative power and it also reduces the armature 
current ripple to fairly low value. The efficiency of rege- 
neration n was calculated using equation (3.32) for various ; 
rg 

values of -sj— ratio far given values of io r and 6« The curves 
i a 

m Figure 3.10 show that for fixed value of 6 and u» r , t) rg 
is almost constant for |~> 5 and n decreases rapidly for 
-j a <.2. Thus the value of (-^) = 20 also permits the rea- 
lisation of maximum value of regenerated power if the increase 

I 

m losses due to increase m filter inductance is neglected. j 


l 
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3.3 ANALYSIS WHEN FED BI CHOPPER WITH LOAD DEPENDENT 
COMMUTATION* 

Figure 3»1(d) shows the circuit representation of a 
typical load current commutated chopper controlled d.c. 
separately excited motor under regenerative braking. In 
addition to the assumptions described m Section 3*2, it 
is also assumed that during commutation interval) the load 
current remains constant. Initially* source inductance will 
be neglected. There are three distinct modes of operation, 
namely, duty interval, commutation interval and regeneration 
interval. 

3.3.1 Continuous Conduction 
I. Duty Interval: (0 ^ t ^6 t) 

This mode begins with the turning on of . the main 
Thyristor T^ and continues until the auxiliary thyristor xg 
is turned on. The differential equation describing this mode 
is given by equation (3*3) and i a is given by equation (3.4). 
The equivalent circuit is shown in Figure 3.11(a). 

II. Commutation Interval : (6® 4t^( 6 + <5 c )T) 

This interval starts when the auxiliary thyristor T 2 
is turned on. On the assumption of constant current during 
commutation, the commutation interval ( 6 C D during which the 
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commutating capacitor gets charged from a voltage -V to +V 
is given by 


2C.V 


(3.36) 


The equivalent circuit for this mode is shown m Figure 
3.11(h). 

III. Regeneration Interval? ( 6+ 6_)T t s- T 

o 

This mode starts as soon as the commutating capacitor C 
is charged to +7 thus D r is forward biased and current is 
forced against the source giving regeneration. The equivalent 
circuit describing this mode is shown m Figure 3.1(c). The 
differential equation describing this mode is given by 
equation (3 ^ 3 ) and i & is given by equation (3.6J, The expre- 
ssions for and I & g are obtained from equations (3.7) and 
(3.8) taking equation (3.36) into account as. 


a 2 


JL 

R. 


V )T/T a 

TL * 


(3.37) 



£ 

R a *, 



1-e 


-(1- 6')T/T 


a 


TT- 6 Jt/T 


1-e 


a 


where, 6' = ( 6 + 6 C )» 


(3.38) 


* 
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In the above equations, & c is unknown. It can be 
determined from equation (3.36) as follows. 

Substituting the value of I 2 from equation (3.37) 
into equation (3.36), one gets, 



1 -e 


(!- 8 0 )T/T a 


,E . , I* ~rr= + Ti^Ti7i 


a 


(3.39) 


c T 

6 C m 

Now, expanding the terms containing e a in terms of 

its power series, yields a quadratic m 6 C after neglecting 
all terms containing 3rd and higher powers m 6 C , as, 


A. 6*" + B. 640=0 
c c 


(3.40) 


where, 


. r£_ E T/T a _ T_ e 

A — Lrn * v * e fj* e 

A a a 


(1- 6)T/T CB T/T 
a + -s a • e a 


T/T (1- 6 )T/T 2CR T/T 

B = f . ( 1 -e a )-( 1-e a )- - 


a . e ' a 


2CR T/T 

C . (1-e a ) 


Now, 


cl ,2 


_B 

2A 


- + A 


B -4A.C 

2A 


(3.41) 
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"P 

For a given ^ , the positive realistic value of 6 e is 

obtained from equation (3.41). The steady state average 

current I _ under continuous conduction is given by, 
av 


"av 


[| 0- 6„)-<1-6'>] “I- + 


a 


2.C.V 

T 


(3.42) 


The developed electromagnetic torque is given by equation 
(3.29). The p.u, nomalised ripple is given by 

! -(1-6')T/T 

p.u. normalised ripple = 


_ 1 -e 

Li- 


e Tt-s^t7t; 


1 -e 


(1-6* )T/T, 


, (1- 6 JT/T 

1-e c ’ a 


] 


(3.43) 


Unlike in the case of chopper with square wave, the p.u. 

normalised ripple is dependent on the machine back e.m.f. B 

✓ E\ 

and hence the speed because 6 C is dependent on (y) as seen 
m equation (3 .41). 

3.3.2 Discontinuous Conduction; 

I . Duty Interval : 0 41. t ^ 6T 

The equivalent circuit is shown in Figure 3.11(a). 

For this interval, the armature current i & is given by 
equation (3.14) and the value of 1^ a,t en ^ ikis 

interval is given by 
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T? “ 6T/T fl 

X a2 = A a < 6I > - 1 - 0 -» 3 ) 

a 


(3.44) 


II. Commutation Interval : 61 <41 1 ^ (6 + 6 C )T 


On the assumption of constant current during commutation, 
the commutation interval is given by equation (3*36). The 
equivalent circuit is given by Figure 3.11(b). Substituting I a2 
from equation (3.44) into equation (3.36), yields 


6 


c 



2 C.V.R 




(3.45) 


The equation (3.45) is valid except for very light load 
condition. In that case, a more accurate analysis will be to 
solve the exact differential equation given by, 


dl c 

L ""TT + R » 1 + 

a dt a c 


/ 5 
° j 

y 6T 


( 6+ 6 C )T 


i .dt = E-V 
c 


(3.46) 


where the initial condition is i c (0 + ) = I a2 * 

Neglecting the voltage drop across the resist since, the solution 


for i„ is given by, 
c 




where 0 j = tan 

JL 


o a a2 
~2V-E 


(3.47) 



and 



The interval 6_T during which the capacitor gets charged 

v 

from -V to +V is then obtained from. 




= f 

* A 


6 C T 


l c .dt' 


where, t* = (t- 6T) 


or. 


[cos' 


"t 


cos 


K 


- |~LL . sin 0 . . >J 1 . C 1 -0 ] 
i a2 1 o J 


(3.48) 


Equation (3.48) provides a more accurate estimation of 
commutation interval under light load conditions. 


III. Regeneration Interval : (6 + <5 C )T 

This mode starts when C has been charged to +V and 
diode D r is forward biased. The armature current will flow 
against the supply producing regenerative braking. The 
equivalent circuit is shown in Eigure 3.1 (c). The differential 
equation is given by, 

L a Vt + E a “ B ' V wlth l . (0) = X a2 
The solution of i is given by equation (3.15). The armature 

cl 
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current becomes zero at t =^1. Substituting i =0 for 

* SI 

t=)>l, yields 


T 

y - s' + j®* log e 


r - 6T/T 

E_j.e a _ z Y 

E-V ~ ~ 


(3.49) 


The average armature current I „ can be calculated from 

av 


(y ~ 6 C )E-(1- 5 1 )V 


av 


R 


a 


2CV 

I 


(3.50) 


The critical value of (|0 below which discontinuous 
conduction occurs is obtained from equation (3.49) by 
substituting y =1 . Thus, 


( 


I ) 

V cr 


K .K) c 

V 


- [-i=e 
1 -e 


-(1- 6')T/T a 


(3.51 ) 


As seen by equation (3.51), critical speed is a function of 6 

and 6 where 6_ is not known. The boundary of discontinuous 
c o 

conduction is obtained from equation (3*51) by trial, first , 

for a given 6, a suitable value of 6 C is chosen and the 

corresponding (^) is calculated from equation (3*51). Ihe 

corresponding values of torque and speed are calculated. If 

the calculated point does not lie on the torque speed 

characteristic for continuous conduction, another value 

of 6 is chosen and the calculations are repeated, 
c 


l 
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The expression for braking power under continuous 
conduction is given by equation (3*27) with 6 replaced by 5*. 
Under discontinuous conduction, che regenerative power is 
given by equation (3*28) with 6 replaced by 6'. The 
braking torque is given by equation (3*29)* The efficiency 
of regeneration is given by equation (3*30). 

3*3*3 Analysis in Presence of Source Inductance. 

With the assumptions mentioned m Section 3*2 and 
further assuming constant current during commutation interval, 
the analysis is carried out for continuous conduction as follows 

I. Duty Interval : (0 t Z-6T) 

The equivalent circuit is shown m Figure 3*11 (a). 

The differential equation is given by equation (3*3) and 

armature current is given by equation (3*4)* The current 

I ~ at the end of this interval is given by equation (3*7). 
a2 

II, Commutation Interval^ 6T^-t^-( 6 + 6 c )T) 

The equivalent circuit is shown in Figure 3* 11(b). 

On the assumption of constant current during commutation, 
the interval ( 6„T) during which the commutating capacitor 
gets charged from a voltage of -V^ to +V is given by 
6 =: C(V+V 1 )/I a2 l* In the presence of source inductance, 

V 1 may be greater or less than V depending upon the circuit 


parameters* 
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III* Regenerative Interval If( O^t'^.6'1) 


This interval starts when the commutating capacitor 0 
has been charged to +-V and the diode D r is forward biased. 

Due to the presence of source inductance L , the entire 
armature current can not be transferred immediately to the 
supply but it rises slowly and during this interval, a part 
of the load current flows through the commutating capacitor 
which overcharges it to a voltage ® le charging 

process stops when i c =0. It can be assumed that, the 
armature current remains constant at I & 2 during this 
interval, an assumption which is always valid when there is a 
large inductance connected m the armature circuit. The 
equivalent circuit describing this mode is shown in 
Figure 3.1 1 (c) . 


The equations describing this mode are, 


and 



+ i 


c 


di 

dt 


r 

r 


+ V = 


1 

0 



dt’ + v c (o) 


(3«52) 

(3.53) 


where, v c (o) = V and i c (o) = I & 2 

and t* is the time redefined from the begimng of this mode. 

The solution for i„ is obtained from (3.52) and (3.53), as, 

c 

i o = I a2 . o° s y 0 f (3.54) 
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The regenerative current i r is obtained from equation (3.52) 
after substituting i^ from equation (3.54) as 

i r = I a 2 (1 ~ cos y 0 t») (3.55) 


where , y o = , 


The condenser will continue to charge until i =0, This gives 
tt c 

6 c~ 2~)?^T * ' v "°Ttage to which the condenser is charged 

is given by, . 


i 0 .dt’ 


(3.5 6} 


6 ’ = 
c 


The maximum value of Vp occurs corresponding to 
77* 

g~~ y -7jr > which yields, 

V 2 = V + . i_, ( 


(3.57) 


If the value of y o is such that i does not become zero 
before the beginning of the next cycle, then the next two 
modes of operation are absent. 


IV. Regenerative Interval lit (O^t’^. £1) 

This interval starts immediately after the condenser 
current i has reached zero in the previous mode and the 
entire armature current flows against the supply producing 
regenerative braking. The capacitor C being overcharged, 
it discharges partially against the supply mains and also 
through the armature circuit loop. The equivalent circuit 
describing this mode is shown in Rig. 3.11(d), The partial 
discharge of C will continue until i = 0 or the beginning 
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f the next cycle whichever is earlier. The equations 
escribing this mode are, 


■^a ” 1 r x c 


.cop I : 


di 
a dt ' 


, 1 
a "a + C 


s. 


di 


l .dt'+L.TTT = E-Vo 
c m dt ' <L 


jOOp II 


m 


di 

SL - 

dt' 


.t ' 


i dt'+l 


S 


d 

dt' 




.mtial conditions are, i a (o)=I a 2 » v c (°)=^2 aG( * i c (°)=0* 

/flhere t' is the time measured from the beginning of this mode. 
Taking Laplace's transform, the expression for I c (s) is 
given by 


I 0 (S): 


<V +R a> 


■l 


v 2 -v 

"s'" 


+ L 


s 


> E-V 

■jJl - v s( ~ 


2 + 1 ada2> 


■(L s+R ) < (L +1 )s+ J-— V —L • s — + 1 s) 

V i» Q o-rj.v. Q / , \ • J -‘<3 'rn / ^ Ha . 3 ' r! « m ' 


\'“s ’~m' “ ' Csj 


k Cs 


m 


( 3 . 58 ) 


If the voltage drop across resistance R a is neglected, then 

the time domain solution of 1 obtained ty taking inverse 

c 

transform of equation (3.58) is given by 

i c < v > = -w sin jv <3 - 59) 


where, I 




max 


^ E a L r +L_ L_ +L„ . L„ 


• e 


£ 

+L 


earn s m 


s 



The final voltage V ^ on the condenser is given by 

pT 


Vi = v 2 + 


= + 


2 C 


G \ 'W - 8111 V' dt ' 

I o 

Q° s v,-m - 0 


( 3 . 60 ) 


The armature current during this interval is given by, 
di di 

-L. T3 "1 _i_ T 

s dt 


L a dV + R a x a + L e' *+-* + Y “ ^ 


(3.61) 


with i (o) = i_(o) = I 


and i r = (i & -i c ). 


a2 


Now, substituting the value of i c from equation ( 3 . 59 ) in to 
equation (3.6l), yields, 

-o^t' L 

^1 ,x max v- 

r - '\ 


V 4 ')" ? 1 > +I a2 e 

Q. 


E-V 


-ait* 


+( r+H "1 *1 * I max ( a S T^y2‘ 


•(t- 5 t-)* ~ y - '- aa |- ( a . oos Ut’ + Vi- 3111 V^') 

v L a “,+ y, 1 


A 


1 


where a , = T ~r b~ ~ t ' 

1 I a +1 B T a 

Since . so — 5 -^ — n is a very small quantity and 

yi ^ 1 «j i+y, 

hence, it can be neglected. Again, ^ being a large quantity 


the armature current can approximately be written as. 
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i a (f ) 



( 1-e 


« 1 t ' -a. t ’ 

) + I a2 -e 1 


( 3 . 62 ) 


The current at the end of this interval is then given by , 

p v - « i - PT - « r PT , „ . 

^2 “ V PT)= ¥ (1 - e )+ V' 9 <3 - 63) 

St 

V. Regenerative Interval III I (O^-t'^Cl- 6- 6 C - 6^- f3)T) 

This interval starts when the condenser current i c 
has reached zero value in the previous mode. If i c does not 
become zero before the turning on of the main thyristor m the 
next cycle, this mode does not exist. The equivalent circuit 
is shown in Pig. 3.11(d) with diode D in blocked state. 


The differential equation is given ty , 
di 

< W a# + “a- 1 . “ M 

with i a (o) = I a 2 
The solution of i ft is given by 

i = E^U-e-V') + I i2 .e^1 t ' 

cl 


R 


a 


(3.64) 


The armature current at the end of this interval is 

-(1- 6")T/T Q ' 

'a < , - ( 


i al I) = I a1- ¥ I 1 ’ 9 


-(1-6 ")T/T ' 

a/+I ^2 • e 


> 


R 

where, 6" =( 6+ 6 C + 6^ + pha. “ i“+l~ 

£1 S 


(3.65) 



QC 


Substituting the value of I^> from equation (3*63) into 
equation (3-65) yields, 


al 


fl-V 

R„ 


1 


1-e 


>T 


- ( 1 - 


'} 


- 0 


I a2* e 


I. 


-(1- 6»)l/l a ' 

( 3 . 66 ) 


By elimination of variables from equations (3»7) and (3.66) 
gives. 


a2 


E 

r" 


v 

R 


a 


1-e 


(1- 6 C - 6^)T/T^- 6(T/T a ') 


1-e 


r~“T c - 6 JTT7T a '+"aT6 


(3*67) 


T « B I- [ 

a1 R a R a 


1 -e 
1-e 


•(1- 6^- 60T/T a '+6(lA a ') 


TT=r^rpmr mzr& - 6 


] ( 3 * 68 ) 


The normalised p.u. ripple = 


' a2 a l 
. V 

f "IT 


(1-S-&.- 6A)T/Io' 


c - ~ c' 


-1 


[ - £ — +a. « ] 

1-e 


-(1-S - 6 ')T/X„' 


+ -^rpfrs c -“6 ^JSTF'- aT5^ 


1 -e 


(3*69) 


The average armature current is given by , 
61 


6T /P® f 

av= I C j 1 a dt+I a2 (S ° +6 c )+ \ o x a dt ’ + ^ 


(1-6~6 C ~ S^T 


i * dt 
a 


(3*70) 
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The value of 5 C xn the above equations is unknown and it can 
be determined as follows i 


First, the value of is determined from equation (3-60) 

after substituting the values of I and V., thus, 

max r i 

Y = v 2 oos y. f5I+ .( 1 -oos(y . PT)> j-^l-coefy* pi)) 

as 'as 

Substituting the value of V 2 from equation (3.57), the 
minimum possible value of corresponding to pT = % , is 


1 -L 

- <e¥> t+ 

a s 


2L 


L +i 
a s 



(3.71 ) 


Substituting from equation (3.71) into 
gives. 


2CV r 

rp c 


W B / V > ! 

L +L_ -* 



6 c ~ I 


C(V+V 1 ) 

Ip- 


(3*72) 


where, y o 

Substituting I p fronl equation (3.67) into equation (3.72) and 

a -(6 )T/I 1 

then expanding the terms containing e o am terms 

of its power series and then neglecting all higher order terms 

in 5 greater than two, yields a quadratic in $ c as, 
o 

A* 6 C 2 + B* 6 C + C ’ = 0 
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where , 


E / T \ 

A ~ f ' 

cl 


(1~ 5 .)T/T a « + a 6 T 


- (aM 


(1- 6- 6^)a?/T a * 


^ ( E )(X) t’-W 1 ' 6 

2VoV (V V } ‘ 


CR L +L_ E/V m (1- 6’)T/T ' + a 

, __a (_&_s e 0 

+ T ' k L + L ; * V T* 
a a s a 


| (i- 


(1- 6 0 )T/I a '+ a -6, (1-6-6£)T/T a 


) -(1- e 


1 /En e ' 

\J i* 'V' * 6 

“ o a 


(1- 6^)T/T a ‘ + a, 6 j_ 


(1- 6-6 :)T/T a » 


v» T’ 

x o a 


) (1 “ 6 c )T/T a' + a : 6 

V V L s 


L „+ 1 E/V (1- 6»)T/T ' + a .6 

. 2CR / tL a --T-S — _ — ) ( i-. e c a ) 

T ( L a+ L s 


1 > 1 


*0 T 


U (i - e 


(1- 5 ^)T/T a ' +a ,6 . C 1 " 6 - 6 ^ T '' T aJJ 


)-(1-e 


feasible value of 6 C Is then calculated from 


'cl ,2 


B' , \ j B'2 - ll'C. 

nr ± 2A* 


If the commutating capacitor C does not get enough time to 
discharge to the minimum value of V, before the begining 



of the next cycle, then mode ,Y. does not exist and the 
commutation interval ( 6 C T) in that case can be calculated 
assuming V^=V and the expressions for A' ,B’ ,C' given above 
c ®- n te used ws-'th- terms containing \f n absent and 
( xT+E ) being replaced by unity. The expression for 

£L S 

regenerative power P is given by 

X ^ 

6 «T rij (t-6-a o -S)T 

= t rr I a2 (1-oob y 0 t< )dt<+ r u a - 1 c )dt ' + ( i e .iv ] 

* o J o ' 0 


(3*73) 

The electromagnetic braking torque is given by equation (3.29). 


Under discontinuous conduction, the armature current i 

a 

given by equation ( 3 . 64 ) becomes zero at t -)f T , where t is 
measured from the beginning of the chopping cycle (i.e. 
mode I), Substituting the value of I^ 2 from equation (3.6 3) 
into equation (3.64) and putting i a =0 at t' =(y- 6")T» gives 
the value of y , the point whSre discontinuous conduction 
occurs. m 

- 6T/T 

. ( 1 ~e a 


(3.74) 


y 


T» 

( “§“) log 


e 




1- |)(lte 


-f* 


T. 


)+ £ 
y V 


T 


a 


(1-D 


where, 6" = ( 6+ 6 C + + p) 
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It is evident from equation (3.74) , that, chances of disconti- 
nuous conduction m the presence of appreciable source indu- 
ctance are remote, specially for high frequency operation. 


3.3.4 Performance and Experimental Verification. 

Eor the test machine, whose particulars have already 
been given in Section 2.5 of Chapter II, it is found that the 


parameters are such that 6* is quite high ( 5 ' 

c c 


2 yj ) 


and (3 is also high ( p= ryl~ ) for the chopper operating 

y 1 

frequency of 400 Hz. As a result of this, the regenerative 

interval III is absent and the commutating capacitor C does 

not get enough time to discharge to a voltage below the 

supply voltage. The idealised voltage and current wave forms 

are shown in Figure 3.12. In this case, the commutation 

interval ( 6.T) can be determined without much loss of accuracy 
c 

from equation (3.36) and, using the expressions for A' ,B',C' 

derived earlier m Section 3.3.3 m which the terns containing 

L +L (E/V) 

vL are dropped and the term ■ £i v~ £ Tr 1S replaced by unity. 

' 0 a s 

The average armature current is calculated from the expression 
obtained below, after integrating the R.H.S. of equation (3.70) 
and ignoring the last term: 
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( 3 . 75 ) 


The expression for regenerative power is obtained after 
integrating R.H.S. of equation (3.73) dropping the last 
term. Thus, 
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(3.76) 


For the purpose of test, a 220V, 3 KW, 1500 r.p.m., d.c. 
separately excited generator was used as a source. The 
armature of the generator was found to have an inductance of 
40 mH (d.c.). The chopper operating frequency was 400 Hz. 

An external choice having an inductance of 300 mH was used m 
the armature circuit of the motor for regeneration. Discont- 
inuous conduction was found to be absent. Figure 3.13 shows 
typical calculated torque-speed characteristics using 
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equations (3.75) and (3.3L9) along with the measured points 
under regenerative braking mode for 5= 0.4 and 0.5 respectively. 
The predicted results agree well with the experimental ones. 

It is also seen, that, considerable error is introduced if the 
source inductance is not taken into account. The effect of 
source inductance is to reduce regenerated braking torque. 

It was found that regenerative braking practically failed for 
values of 5 ^ 0.57 at this value of chopper operating frequency. 
Figure 3.14 shows the corresponding calculated and measured 
speed versus regenerative power characteristics. Experimental 
results agree well with the calculated characteristics. Figure 
3.15 shows the calculated torque speed characteristics without 
considering the source inductance for fixed values of 5 using 
the analysis presented m Section 3.3. Experimental results 
obtained after putting a filter capacitor (Buffer condenser) 
of 8000 p F at the source terminals are also shown in Figure 
3.15. The corresponding speed versus regenerative power 
characteristics are shown m Figure 3 * 1 6 . The experimental 
results using buffer condenser at the source terminals are 
also shown in Figure 3.16. These figures indicate that the 
use of a suitable buffer condenser bank at the source terminals 
neutralizes the effect of source inductance. 



SPEED WCP.U. 




Fig. 3*16 Regenerative power vs. speed characteristics 
(with buffer condenser) 
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3.4 CONCLUSIONS: 

The following important conclusions can be drawn from 
the above study, 

1 . The method of performance calculation presented here is 
general and can be used for choppers with load current 
dependent commutation with non square output voltage and 
also for choppers with square wave output voltage. The 
analysis takes the effect of source inductance into 
account. There is a close agreement between predicted 
and experimental results. 

2 . The source inductance has considerable effect on the 
braking performance of the motor, the regenerated power 
decreases for the same value of duty ratio and speed. 

3. In the presence of source inductance, the commutating 
capacitor initially charges to a value greater than the source 
voltage. Subsequently it discharges and if enough time 

is available, it will discharge to a voltage less than the 
source voltage; greater is the load current less is 
the voltage to which C is finally charged. If commuta- 
ting capacitor is chosen neglecting source inductance, 
commutation failure may occur* The expressions derived 
can be used to select a suitable value of capacitor in 
presence of source inductance assuring reliable commutation. 
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4. The region of discontinuous conduction can be reduced to 

m 

a narrow region by suitably choosing a ratio with 

x a 

the help of normalised torque Tp versus normalised speed 
^p curves of Figure 3.3. The constraints regarding the 
maximum permissible current ripple can be checked from 
Figure 3.4. These nomograms have been plotted m nor- 
malised co-ordinates and therefore can be employed for 
regenerative braking of any d.c. separately excited 
motor. 

In case of chopper with load dependent commutation. 

the boundary of discontinuous conduction calculated 

using equation (3.51) for the same ■*m'~ ratio, lies 

a 

slightly to the left of the boundary obtained from the 
normalised boundary for square wave case* Therefore, 
the normalised boundaries of discontinuous conduction 
given in Figure 3.3 can also be used to select a 
conservative value of T/T a ratio for eliminating 
discontinuous conduction m chopper with load dependent 

commutation. 

5 # The effect of source inductance, chopper commutation 
interval and armature reaction of the machine should 
be taken into account for accurate prediction of machine 

performance. 



CHAPTER IV 


PERFORMANCE AND ANALYSIS OF CHOPPER FED D,C. SERIES MOTOR 
4,1 INTRODUCTION 

The analysis of chopper fed d.c. series motor is 
complicated due to the presence of nonlmearities such as 
saturation of magnetic circuit and armature reaction effect. 
Moreover, eddy currents are induced in the field cores due 
to time varying excitation current. These eddy currents 
influence the building up or decay of air gap flux. P.W. 
Franklin [ 8] has given an analysis for a current limit 
controlled chopper-fed d.c. senes motor taking nonlinearity 
of the magnetic circuit by straight line approximation. 

Dubey and Shepherd [9] have developed an analytical technique 
for analysis of series motors controlled by a square wave 
chopper. Mellitt and Rashid [10] and Damle and Dubey [11] 
have developed computer based analysis of series motors 
controlled by choppers with load current dependent commutation 
taking the nonlinearity of magnetic circuit by piece wise 
linear technique. Dubey [12] has extended the analytical 
technique described in reference [9] to the case of a 
nonsquare output voltage chopper with load current dependent 
Rahade and Dubey [20] have reported that 


commutation. 
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though this method gaVe satisfactory results for the calcula- 
tion of steady state speed torque curves, large amount of 
error was obtained m prediction of ripple in armature 
current. None of these methods have taken into account the 
effect of armature reaction, eddy currents and the effect 
of source inductance on the performance of chopper fed d.c* 
series motors. 

In this chapter, first of all a modelling of series 
motor has been done taking into account the effects of 
magnetic saturation, armature reaction and eddy currents. Next 
an analysis has been done for a square wave chopper. Then, 
the analysis has been extended to a load current commutated 
chopper taking into account all the nonlinearities mentioned 
above. The source inductance has also been taken into 
account. The calculated results agree well with the 
experimental. 

4.2 MODELLING OF D.C. SERIES MACHINE 

For analysising the performance of d.c. series machine, 
a good mathematical model of the machine should be made 
which is valid for dynamic as well as for steady state 
operating conditions. 

4.2.1 Effect of Magnetic Saturation 

It is well known, that, in a saturated magnetic circuit. 


f 
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the rise of current is relatively faster than in the case of 
nonsaturated magnetic circuit. This is due to decrease of 
self inductance with saturation. Again, if there c~ ' ripples in 
the current, as is usually the case with chopper fed d.c. 
series machine, incremental inductance has to he considered 
ani its value also reduces with saturation of the magnetic 
circuit. The relationship between the flux produced and 
excitation current is given by 


0 = K’ . i f (4.1 ) 

where , 

K' = f (i f ) (4 * 2) 

Equation (4.1) effectively represents the B-H characteristics 
of d.c. machines. Under saturated condition, the field flux 
may be represented by Erolich's equation 


0 


5 = 


k 1 ^f 

(kg+if) 


(4.3) 


where k 1 and k 2 are constants to be determined from the 
saturation characteristic of the machine. The main drawback 
of equation (4.3) is that, it departs quite widely around the 
low induction region. To overcome this, an empirical relation- 
ship has been suggested here in the form 



k 2 +i f 

+ D.log e ( — 


(4.4) 



The constants C and D may be suitably chosen to yield 
satisfactory results as, 
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C 



ij" and 13 


k’ 




where, k’ and D 1 are constants and I Q may conveniently be 
chosen as the rated current. The expression for d.c. 
self inductance follows on differentiation of equation 
(4.4) as, 


N. 


d0 = 
di ~ 




(k2+if ) 


2 + 


k^^i^-T 0 > 

VV k 2 +i P 


(4.5) 


The measurements of self inductances of d.c. machines 
for different values of steady-state current, were done 
using a well known bridge method described by C.V. Jones [17] 
The method developed by Mellitt and Rashid [21] can also 
be used to measure inductances of machines. The measured 
self inductances versus current curves for three typical 
d.c. machines whpse particulars are given in Appendix B 
are shown in Figures 4.1(a) to 4.1(c). Figures 4.1(a) to 
4.1(c) clearly show, that, equation (4.5) gives a better 
representation than equation (4*3). Ute empirical formu 
lation for self inductance given by relationship (4.5) 
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enables one to represent the d.c. machine self inductance 
satisfactorily. The equation due to step voltage input 
to the field windings is given by, 


V 


R.if 


N 




with i f (o) = 0 


(4.6) 


The equation corresponding to the case when the field 
winding is short circuited, is given by. 


R.i f + L f (i f ) = 0 


with if(°) = I^ 0 


(4.7) 


where, !L f ( i^) = N . 


M 


di. 


Equations (4.6) and (4.7) are first order nonlinear differe- 
ntial equations and they are solvable numerically using 
classical Runge-Kutta method of order four. 


4.2.2 Representation of Armature Reaction 

It is well known, that, when the armature of the 
machine carries current, the armature reaction flux affects 
the main air gap-flux and thus, the back e.m.f. coefficient 
K is not a constant and it may be represented as. 


K = f (if »i a ) 


(4.8) 
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The values of K are obtained from the internal characteristic 
of the machine, 

4*2,3 Effect of Eddy currents Induced m the Magnetic 
Circuit on the Armature Induced e.m.f. 

The flux distribution inside a magnetic core excited 
by a time varying flux is given by Maxwell’s equations. 

Eddy currents are induced inside the pole cores, yoke and 
armature laminations due to time varying excitation current. 
These eddy currents produce short duration magnetic fluxes 
which damp the building up or decay of the air gap flux. 

A detailed analysis for flux distribution inside a torroidal 
core due to a step input excitation has been given by 
If. Keshavamurthy and P.K. fiajagopalan [ 22] and it has been 
shown that it is possible to derive an equivalent circuit 
model to represent the eddy current effect as shown in 
Figure 4,2. The dynamic equivalent circuit of a d.c. 
machine field may also be represented by the circuit shown 
in Figure 4*2. The parameters of the equivalent circuit 
have to be identified from experimental data. 

4.2,4 Experimental Investigation of Eddy currents on 
Armature Induced e.m.f* 

To estimate the effects of eddy currents on the 
armature induced e.m.f., recordings were taken for measuring 
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Pig. 4.2 Dynamic Equivalent Circuit of d.c. machine field* 
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Fig. 4*3 


Experimental arrangement for recording step input 
dynamic response. 
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"tiie dynamic field current and the armature induced e.m.f* 
for step input voltage to the field and also due to free 
wheeling of field current. The experimental arrangements 
are shown in Figures 4.3(a) and 4.3(h) respectively. The 
Figures 4.4(a) to 4 . 4 (c) show the typical dynamic character- 
istics for three test machines whose particulars are given 
m Appendix B. 

It has been observed that m machine with laminated 
pole and solid yoke (M/tJ IV), and m machine with both 
laminated pole and laminated yoke (M/C III), the influence 
of eddy currents on the dynamic armature induced e.m.f. is 
considerably less than m the case of machine with both 
solid pole and solid yoke (M/3 II). 

4.2.5 Identification of Dynamic Circuit Parameters from 
Transient Step Response. 

The network model shown in Figure 4.2 to represent 
the dynamic behaviour of the air gap flux may further be 
simplified as shown in Figure 4.5. In this model, R and 1^ 
are the actual resistance and self inductance of the field 
circuit of the d.c. machine respectively. The branches in 
parallel to represent the eddy current effects. The 
actual air gap flux is given by i m rather than i flowing 
from mains under dynamic conditions. For a d.c. machine, 
it is sufficient to consider only three branches in parallel 




0.1 0-2 0*3 0.4 0-5 

(t) in Sees. 

Fig* 4 *4 (a) Dynamic Response of Armature induced e*m*f* due to step input to the 
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4.4(b) Dynamic Response of Armature Induced e.m 
due to step input to the field. 



4,95 



4.4(c) Dynamic Response of Armature Induced e.m.f 
due to step input to tbe field* 




105 


to get satisfactory results in most cases. The excitation 

1 1 

current i„ is dominated by three time constants -r~ , -r — 

m ''l A 2 

and -r — * Then i_ due to step input voltage can approximately 

A 3 m 

be expressed as, 

-it -At -ht-t 

!»(*)- -V e - A 5 e 1 U - 9) 

where I 0 is the final steady state current. The eddy current 
time constants are of very short durations. On the assumption 

that * the r ° 0tS ^2 and ^3 Can 136 

found out by the well known method of determination of 

prominent time constants from the plot of dynamic error 
e(t) = (1- =& ) on a logarithmic scale versus time. The 
largest time constant is determined from the slope of the 

tangent which is asymptotic to the curve. Then, the error 
between the actual plot and the tangent line are plotted in 
the same manner to determine and the same procedure is 

repeated for determination of ^ • 0nce these approximate 
roots are determined graphically, the constants k^ ,k 2 and 
A 5 can be estimated from experimental data using a 'Least 
Square Error Criteria' whose formulation is given m 
Appendix B. Although, the constants A, ,A 2 and A ? can also 
be determined graphically# appreciable error will be involve 
if the experimental data£ are inaccurate. After the roots 
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^,^2 and \ ^ and constants , A 2 and A^ are determined, 
the parameters of the network model shown in Figure 4,5 can 
be identified using linear network theory. The calculated 
dynamic response for the test machines using above approach 
are shown in Figures 4 . 4 (a) to 4.4(c). It is observed that 
the dynamic response calculated by this method agrees well 
with the experimental results except near the origin. The 
error near the origin can be attributed to the assumption of 
a less accurate model and errors m experimental data. 

4.2*6 Empirical Formulation of Eddy Current on the Armature 
Induced e.m.f. 

The difference between the actual dynamic induced armature 
e.m.f. due to a step input voltage to the field and the e.m.f. 
Obtained from the machine O.C.C. under steady state condition 
at constant speed, may be represented by a functional 
relationship , 





A generalised empirical relationship in the form shown 
below has been found by trial and error to match the dynamic 
response characteristics shown in Section 4.2.4. 



i.Al It 



( 4 . 10 ) 
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Where, 'Sgn' is the sign of the derivative,/^ = ( 1-1 ) # 

Iq is the final steady state current which is equal to I_^ Q 
for rising current and I Q =0 for decaying current during free 
wheeling, is the Frolich’s constant for the machine,^ 
is a constant dependent on the machine and n is an index 
dependent on the design of the magnetic circuit. The values 
of <T and n have to be determined from the experimental 
dynamic characteristics of the machine. X is a constant of 

/ tO V 

the machine and is p.u. speed. The values of the 

to o 

constants c T , X and the values of the index n determined from 
the respective dynamic response of the test machines have 
been shown in the table gjLven m Appendix B. The accuracy 
of fitting is found to be quite satisfactory. The equation 
(4*10) thus provides an easy tool to account for the effects 
of eddy currents on the dynamic machine induced e.m.f. due 
to step input voltage to the field windings. 

4.3 STEADY STATE ANALYSIS OP CHOPPER FED D.G . SERIES MOTOR 

The idealised output voltage and current wave forms 
of a d.c. chopper under continuous conduction has been shown 
in Figure 4.6(a). The voltage and current wave forms for 
choppers using load dependent commutation are shown m 
Figure 4.6(b). The current wave form of a chopper fed d.c. 
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serie s motor fluctuates between a maximum and mi nimum level 
and as a result, the motor parameters change with current 
due to saturation effect and the value of K changes due to 
armature reaction and saturation. Moreover, eddy currents 
are induced m the field cores and influence the main field 
flux. Thus, the performance equations of a chopper -fed 
series motor are highly nonlinear and it is difficult to 
solve them. A digital computer simulation of a series 


motor fed by a square wave chopper has been described by 
T. Fuoimaki et.al[13] taking into account the effect of 
saturation on the motor inductances and eddy current effect, 
using the network model of Figure 4.5 with K as constant. 

In the present work, an attempt has been made to analyse the 
chopper fed series motor taking into account magnetic satura- 
tion, armature reaction and eddy current effects using the 
empirical relationship of equation (4.10). The quantities in 
equation (4.10) are redefined and approximated for analysis 


of chopper-fed series motor as follows. 



M j / i \ n ^ 
ana (,-r — ) = •< j r 

a2 v. a2 
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For falling current during free wheeling, 
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a al 
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fo 


1 -I . w 

^a2 


Now x is replaced by I for taking the average effect. 

3 cl V 

Then, 
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av 


T 


(4.11a) 


where t a * (i p /l a2 ) and i p « peak value of current ripple 
and 

(J2-)“ = (LsiaLjo = (Tl >“ = « n 

1 f o X a2 • L a2 a2 


( i/l-p 0 ) _ ^p //l a 2^ _ gI1 

^1)^"' (k 2 +i^F (k 2 +i aT > 


(4.11b) 


a in the above equations may be suitably chosen and taken 
as a constant. 

The analysis of chopper fed d.c. series motor has 
been carried out with the following assumptions in addition 
to the assumptions mentioned in Sec. 2.2 in Chapter II. 



Ill 


(i) The conduction is continuous; 

(ii) The motor "back e.m.f. coefficient K is assumed to be 

a function of I instead of 1 to take into account 

av a 

the effect of saturation and armature reaction; 

(lii) The core losses and increase m resistance due to 
skin effect are neglected; 

(iv) The variation of series field and armature inductances 
due to eddy currents and hysteresis effects are not 
considered . 


4 , 5 , i Chopper with Square Wave Output Voltage with Negligible 
Source Inductance 


I. Duty Interval: (0-£ t t~T) 

The differential equation describing this mode is 

L(l av ) + H.i a +K. W.i a + dV e = T (4.1 

where & V e is the voltage due to eddy currents, R is the 
total armature circuit resistance and K as defined by 
equation (4.8) and assumption (ii) above, is a function 


^av* 

II. Free Wheeling Interval : ( 6 T — t — T ) 

The differential equation describing this mode is 



(4.13) 
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Substituting from equations ( 4 , 11 a) 
equation (4.10) gives, 



di 


a, Sgn 

— T - p- Tt | | H • 

‘*2 +I s v» 


and (4.11b) 


^2 • CT". ot 
(k 2 +I av^ 


into 



( 4 . 14 ) 


Substituting A V e from equation ( 4 . 14 ) into equation (4.12) 
and (4.13) one gets 



dt 


+ i. 


R’ 

eq 


e V 


( 4 . 15 ) 


with i & (o) * I a1 for 0£rt4 61 


where , 



MI ov > ' 


A*(T3^- E 2- <y • « a 

*W X» W "'")" * ii > mwmwii m . 

< k 2 + *av> 



R Kw(a? — 





and 

di 

^eq * "at + V E 9q = 0 u - 16) 

with i a ( 6T) * I ft2 for 6T T 

Equations ( 4 . 15 ) and (4.16) are linear equations for a 
specified operating condition under steady state. The 
average steady state machine speed is obtained from 
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equation (4-15) and (4.16) as 



(4.17) 


The electromagnetic torque T is given by 

’-0 w 

B .1 

t » -ax—az 
e u> 


(4.18) 


4.3/.2 Chopper with Nonsquare Output Voltage Wave form due 

to Load Dependent Commutation and with Negligible source 
Inductance. 

The voltage and current wave forms of a load current 
commutated chopper are shown in Figure 4.6(b). There are 
three distinct modes of operation as shown below; 

I. Duty Interval: (O^t-^dT) 

The equations describing this mode of operation are 
di 

W -at + W + * V - <4.19) 

with i a (o) = X a1 and K'(X aT ) = K(I aT ).I av 
where L Qq is defined in Section 4.3.1 and 

= R ' 

II . Commutation Interval ( 61 ift^( 6 + 6 C )T) 


Assuming constant current during commutation interval 
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gives I 0 * I a2 . The commutation interval 6 C T is given 

hy , 


6 *T 
°c 


2C.V 

*a2 


( 4 . 20 ) 


III* Free Wheeling Interval (( 6+ 6_,)T £ j) 

c 


In this mode, the armature current free wheels 
through the free wheeling diode and both the main and 
auxiliary thyristors are off* The equations describing 
this mode are given by 
di 

£ + i *E. 

eq 


V • -at + V R e, = 0 


(4.21 ) 


with i a (( 6+ 6 0 )T) = I 0 = X a2 and i a (T)=I o1 . 


al 


The solutions of armature current obtained from equation 
(4.19), (4.20) and (4.21) are, 


V-K'(I _) -t/T ~t/T 

i fi( M a )+i fl1 .e a 


eq 


al 


for 0 *£ t £ 6 T 


i =1=1, for r£&l^t^(6+6 c )T 

a c a2 u 


and 


K'(X.J.W. 


-t'/I 


X =* 

a 


R 


(l - e ' a )+I a2 * e 


-t */t 


a 


eq 


for (l-6-6 a )T 


( 4 . 22 ) 


(4.25) 
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where T, 


. and t » = t - 6 T 


From equations (4.20), (4.21) and (4.22) one gets, 

6T/T x .. 


'al R. 


Tr^rTW” 

t o a 


K f (I ),<0 

— --axij_az 

R eq 


(4.24) 


- 6 T/T, 


a2 R 




(4.25) 


From equations (4.20) and (4.25), the average motor speed 


is given by 


6t/t, 


k^av ~ ® 


V $ , V 1— e ' a 


20 .V } 

"eT^J 


— r a2 -T 


(4.26) 


where f 33 aV = K'd^). W av 


The average armature current can be determined from 
t _ V * 6 c )K ,( 1 av ),(ig av . gCjJ. 


A 6 - ( i- 


B 

* ^ av 

OgJ y 


20^V 


(4-27) 
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The electromagnetic torque is given by equation (4.18). 

B 

The values of for a given ^ can be determined 
from equation (4.20) on substitution of I « from equation 
( 4 . 25 ) as follows. The terns containing e c a are 


expanded m terms of its power series. Neglecting third 
and higher order terms in 6 C yields a quadratic in 6 C 
which gives 



( 4 . 28 ) 


The expressions for A,B, and C are the same as derived in 

the case of separately excited motor without source inductance 

E 

in Section 2.3.1 of Chapter II. Eor known values of and 
, the positive realistic value of 6 C is obtained from 
above and then I &y is calculated from equation (4.27) and the 
corresponding value of K'(I „) is obtained from the internal 
magnetisation characteristic of the machine which includes 
both the saturation and armature reaction effect. The 
machine speed IO is then calculated from equation (4*26). 

4.3*3 Calculation of Current Ripple 

The normalised current ripple is obtained from 
equations (4.24) and (4.25) as 
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( _JL ) 

V R ' 


eq 


f LLzi 

1-e 


- 6 T/T 

a ) 

rrTj^F 


6 T/T 

1-e a 

r"rjT7f 

1-e c 



(4.29) 


In case of chopper with square wave output voltage, 

expression for normalised ripple is similar to that of 

equation (4.29) except that 6 =0. 

c 

For calculation of current ripple, incremental 
inductance should he used instead of the d.c. inductance. 

Due to presence of ripple m the load current, minihysteresis 
loops are traced as shown m Figure 4.7(a). The average 
incremental inductance is lower than the d.c. 

inductance . If the hysteresis effect is quite small, 

the incremental inductance can he determined by computing 
the slope of the mean magnetisation characteristics as 
Shown in Figure 4.7(h). So, the approximate incremental 
inductance can he obtained by the expression given below. 


L in = D&f U- I(I) 


(4.30) 


The quantity ( 3 *~^ )/-iL can be computed from the mean 0.0, C 


of the machine for different values of I & . D(I a ) 
corresponding measured value of d.c. inductance. The 
equivalent armature circuit time constant T & has to he 
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determined taking the effect of eddy currents and the 

incremental inductance. The effective (~) can he obtained 

**■ 

from precalculated nomograms of machines which are 
calculated as follows. For an assumed (-rr*) and for a fixed 
value of coefficient D( , and R eq are calculated for 
various values of I and plotted. 

4.3*4 Effect of Source Inductance on the Performance of 
Chopper fed d.c. Series Motor* 


The source inductance influences the performance 
characteristics of chopper fed d.c, separately and series 
excited motors. The analysis m this case, can be carried 
out m the same way as it was done m the case of separately 
excited motor in Section 2.2 of 1 Chapter II. 

I* Duty Interval; (0-^t^ 6T) 


This interval starts with the turning on of main 

thyristor T^ • The source current can not rise immediately 

to I , but rises linearly to I , after an interval of pT. 
al ai 

The armature current continues to free wheel upto t = p.T* The 
value of n is given by 




“v7f) * L s 


(4.3D 


where L is the source inductance. The armature current is 

s 

given by 
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a 


V-K'(I av ).W -(t-/,T)/r -(t-^T)/!' 

a. (i-e a )+I a1 -s 


where , T ’ 
a 


L +L 

- a -~ L » R=(R eq +R s ) 


(4.32) 


R 


If the source resistance is negligible, then R=E - eq * 
The value of i at the end of this interval is 

a 


J a2 =1 a^ fiT > = 


V-K’(I l-to -(6-|i)I/T' 

.as. ai ( i_e 


E 


a > +I a1‘ e 


-(6-,0T/T; 


(4.33) 


IX. Commutation Interval: 6T4~ t 6 Q T 

The interval ( 6„^) during which the commutating 

c 

capacitor linearly gets charged from a voltage of to 
+V, is given by 


6 T 
c 


(v+vj.c 
TT 


a2 


(4.34) 


may he greater or less than V depending upon L g »L,C and l m * 
III. Free Wheeling Interval: ( 6 + 6 C )T^ ( 1 + p )T 


This interval starts when the commutating capacitor C 
has already been charged to a voltage V and the armature 
current begins to free wheel. But due to source inductance, 



120 


the capacitor C continues to charge. Capacitor current 
is described by the differential equation 

T = V 35* + h I V 4t 

with i c ( ( 6+6 0 )T) = X & 2 
The solution of i is given by 


io = ^S’ 008 -T) 


( 4 . 35 ) 


where, 6 M 6 +6 J and )> = —j— ; 

0 

t r 

This mode ends when 9^ - corresponding to,i c =0. 

The maximum voltage to which the capacitor gets charged 


is given by 


V„ = I 


a2 V C 


a + y 


( 4 . 36 ) 


After this, the condenser C will discharge partially through 
the source and free wheeling diode. Now 

<vv- vt + £/ io 4 *-* 

with v c (o)=? 2 and i c (o)=0 
The solution of x Q is given by 


V-V 



«*» yi (t • X') 


( 4 - 37 ) 



1 2t 


where » 


fo 


fv^J 5 


r * = (6 ' + & )T 


The minimum possible voltage on C occurs when i =0 

c 

which yields 

T i = v - K +'v/c • i a2 


(4.38) 


The armature current starts free wheeling at t=( 6 + 6 )T 
and it continues upto t=T+ pT. The armature current is 
given by equation (4.21). The solution of the equation 
yields, 


i = 
a 


-K f (I J U) „ -t'/T 

__SL±^ (1 _ e '*)♦! 


-t'/T 


(4.39) 


where t* » t-( 6 + 6 rt )T. 

Q 

Free wheeling continues upto t= T+ yT. The armature current 
at the end of free wheeling is 


-K'(I _ / -(1- 6'+y)T/T -(1- S'+y )T/T 

I 1=s aLJZ&Z d-e a ) +I_ 0 .e a 


'a 2 


(4.40) 


By elimination of variables from equations (4.33) and (4.40), 


X a1- * 


R 


♦I 


1 -e 


1-e 


(6~p)T/T» 


a 


rr^^TT75^=sr6'^qiT 


(4.41) 
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I 


a2 




SZ 



1~e 
1 ~e 


-(6-n)I/T^ 


6 -in 


(4.42) 

' m 

where , a = ( ^7 ) . 

a a 


The expression for/* is obtained m the same way as it has 
been shown in Section 2.2.1 of Chapter II as. 


-*’ (i az n 


IP 




V 


a -( 1 -< 


(l-$ )T/T -a-6 


6 T/T' 


¥ ^_ e ^^vTn2zsT a :; 

s v 


)+(lV a ) 

rr^Tiwr^T 


T 

T' 

a 


6 t/t' 


a 


(4.43) 


The commutation interval ( 6„T) is determined in the same 

w 

way as it was done in Section 2.2,1 of Chapter II. 


6c 




(4.44) 


The expressions for A,B and C are the same as shown in 
Section 2.2.1 except that E is replaced by K r (I &v ) . W aV . 

Pure free wheeling interval may or may not exist 
depending upon the parameters 1* I s » c and I< m « If I s an(i G 
are such that after the capacitor C has been charged to 
maximum voltage V 2 » m ey not get sufficient time to 
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discharge to the minimum value of V volts. In that case, 
the commutation interval can be determined from equation 
(4.34) with V^=V, without appreciable error. The expressions 
for A,B and G will be the as above except that the terms 
containing^; will be absent. 

The expressions for y and 6 as shown in equations 

0 

(4.43) and (4.44) are interdependent. As a first step, 6 

c 

is determined from equation (4.44) ignoring y , Then y is 
calculated using this value of 6 and $ is again corrected 
corresponding to the value of p..The average armature 
current is given by 


I 


av 



Or 6 - 6 ^)T 

i dt + I 0 . 6 T + t i dt 1 

a a2 c | a J 

'0 

(4.45) 


The value of I „ can also be determined by, 
av 

_ V(6-tl)-g'( I aV )-W aT -( 1 -6 c ) C(V-ff,) 
i av ~ R ~ T 


(4.46) 


The expressions for torque and speed are the same as given 
by equations (4.18) and (4.26). 


4.3.5 Performance and Experimental Verification 

Experiments were carried out on two d.c. series motors 
(Machines III and IV) whose particulars are given m Appendix B. 
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Tlie chopper used is a two thyristor chopper using load 
dependent commutation as shown m Figure 2,1 w ' The source 
consisted of a d.c* generator having an armature circuit 
inductance of 25 mH (saturated). A large buffer condenser 
bank of 8000 pF was used at the source terminals to neutralize 
the effect of source inductance. Machine III is a generalised 
machine connected as a series motor. Both the stator and 
rotor of this machine are made of laminated low hysteresis 
steel sheets. Therefore, the eddy currents in the field 
core will be much less m this machine. Machine IT is a d.c. 
series motor with laminated armature, laminated pole cores 
and solid yoke construction. The eddy current effects m 
this case is considerable. The values of X > & and index n 
for the test machines as determined by step response are 
also shown in Appendix B. The variation of (L a +Lj>) t the total 
incremental inductances of the above test machines, was 
determined using equation (4.30) as functions of steady state 
d.c. current- 1 and it has been shown in Figure 4.7(c). The 

9 . 

variation of K(I ) a? K{I _) for these two machines are 

fit a* 

shown in Figure 4.8(a). Figures 4.8(b) and 4.8(c) show the 
calculated torque-speed characteristics of the two machines 
for fixed values of 6 (neglecting the source inductance) 
using equations (4.26), (4.27) and (4.28) which take the 
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effect of commutation pulse into account. The experimental 

curves obtained after using a large buffer condenser bank 

(8000.*]?) at the source terminals are also shown in Figures 

4.8(b) and 4.8(c). The calculated curves corroborate very- 

well with the experimental results for both the machines, 

except for higher values of torque for machine III. In 

machine III sparking at the commutator was noticed from 

6 amperes onwards. This increased the effective value of 

armature circuit resistance. This explains the difference 

between the predicted and experimental characteristics for 

higher values of torque in the case of machine III. Torque - 

speed curves calculated neglecting eddy currents are also 

shown in Figure 4.8(b) and 4.8(c). It is observed that the 

effect of eddy currents on the torque-speed characteristics 

of ohopper fed d.c. series motor is quite small and can be 

neglected without much loss of accuracy. Discontinuous 

conduction was completely absent. The normalised p.u, 

armature current ripple was calculated using equation (4.29). 

The Figures 4.9(a) and 4.9(b) show the calculated and 

measured values of p.u. normalised armature current ripple 

versus I for fixed values of 6 for machines III and 17 
av 

respectively. The experimental values of ripple were 
measured when a buffer condenser bank was connected at the 



5 pa ad tp.u.J ‘ Speed » (md/ser) 







source teiminals. Figure 4.9(a) shows the curves of 

calculated p.u. ripple for machine III using (i) unsaturated 

value of armature circuit inductance (ii) value of 

armature circuit inductance at rated d.c. current; (in) the 

average value of incremental inductance as a function of 

I v as determined from equation (4.30); (iv) the average 

value of incremental inductance as a function of I _ and 

av 

also taking into account the eddy currents by taking a - 0*1 
and 0.2 respectively. In the first three cases, eddy 
currents were not taken into account. It is seen that approach 
(iv) gives better prediction of current ripple with 
satisfactory accuracy for a =0.2. Whereas the approaches 
(i) to (iii) give large amount of errors in the prediction 
of current ripple. The approaches (li), (in) and (iv) were 
used to calculate current ripple in case of machine IV. This 
machine has more eddy current effect because of solid iron 
yoke. Figure 4*9(b) re-establishes the fact that in this 
case also approach (iv) gives better results. Thus, though 
eddy currents have negligible effect on the steady state 
torque— speed characteristics, they considerably influence 
the ripple in the armature current. It is also seen that 
the induced eddy currents m the series field cores and 
other parts of the magnetic circuit of machine increases 



Calculated ripple in p.u. 
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Fig4S i/J. Normalised ripple vs. I 
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the magnitude of current ripple. The machine having solid 
iron in the magnetic circuit will have more eddy currents 
induced. This will increase the magnitude of current 
ripple ( Tigure 4.9(h)). 


Figure 4*10 shows a typical calculated torque 
speed characteristics of machine I? talcing the effect of 
source inductance into account. The source had a saturated 
inductance of 25 mH. The characteristic was calculated 
using equations (4*43), (4.44), (4.45), (4*26), and (4.18). 

The experimental characteristic was determined for 6 = 0.4 
after disconnecting the buffer condenser bank from the source 
terminals. For this chopper operating frequency of 400 Hz 
and C=8 pJF, L g = .025H, L m = 0.001H, commutation difficulties 
were encountered for higher values of load current due to 
partial discharge of commutating capacitor during free 
wheeling mode. Calculated torque-speed characteristic 
for 6 = 0.4 neglecting the source inductance has also been 
shown in Figure 4.10 for comparison. It is found, that, 
if the source inductance is not taken into account, there is 
a large amount of error m the prediction of torque and 
speed. Figure 4.11 shows the calculated torque-speed 


characteristic for 6 = 0.4 and C— l6|i,F taking source inductance 


into account. 


In this case. 



being low, the 


( 



bn iv 

CALCULATED CHAflACTEWSTICS 



Pig* 4*10 Torque Speed Oharacteri sties (L fl « .025H* C »0/*P) 



4*1 1 Torque Speed Characteristic 8 (L fl » *025B # C»16/*P) 
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commutating capacitor does not get enough time to discharge 

from a voltage V 2 (>V) to a voltage V.j(4LV)* In this case, 

the commutation interval ( 6 T) was calculated from equation 

c 

(4.34) with V^=V. The torque was calculated using equations 
(4.45) and (4.18). The experimental characteristic was 
determined after disconnecting the "buffer condenser hank from 
the source terminals. No commutation problem arose in this 
case. Calculated characteristic neglecting the source 
inductance has also been shown m Figure 4*11 for comparison. 
Figure 4.11 shows that the source inductance has considerable 
influence on the speed torque curves. The method presented 
here permits the prediction of speed torque curves with 
satisfactory accuracy. Measured points obtained with a 
buffer condenser at the source terminals have also been shown. 
The closeness of these curves with the characteristic 
calculated neglecting source inductance indicates that the 
buffer condenser neutralises the effect of source inductance. 

4,4 C0NC3USI ONS 

The following important conclusions can be drawn 
from the above study • 

1. The approach suggested for modelling of d.o. series motor 
fed by chopper, taking the effects of saturation of 
magnetic circuit, eddy currents and armature reaction. 



permits the calculation of machine performance with 
satisfactory accuracy. 

The effect of eddy currents on the torque-speed curves 
of chopper fed series motor is quite small, fhe eddy 
currents, however, have considerable effect on the 
magnitude of ripple m armature current. 

The armature current ripple can be calculated with 
satisfactory accuracy, if the eddy current effects and 
the average incremental inductance are used as reported 
here . 

Source inductance effectively reduces the 'on* time of 
the chopper and adversely affects the torque-speed 
characteristics of the motor by increasing the stiffness 
of the characteristics. If an oversized capacitor is 
not used for commutation especially for low frequency 
operation, it will produce serious commutational 
problems for the type of chopper used here. If a suitable 
buffer condenser bank is used at the source terminals, 
it will neutralize the effect of source inductance. 


CHAPTER V 


PERFORMANCE AND ANALYSIS OF CHOPPER FED D.C. SERIES 
MOTOR UNDER REGENERATIVE BRAKING 

5.1 INTRODUCTION 

Regenerative braking m traction drives is becoming 
very popular because of saving of energy of the order of 
20 to 30 percent. D.C. choppers provide an economic and 
efficient way to implement regenerative braking because of 
the ability to regenerate at low speeds. 

A few papers [14-16] have been published on regenera- 
tive braking of d.c. series motors, describing circuits and 
instability involving loss of current control resulting m 
high currents at large speeds. The methods of predicting 
regenerative braking performance and loss of regenerative 
braking at low speeds and detailed investigation of perfor- 
mance have been described m this chapter. The method of 
analysis is general in the sense that it takes into account 
the effect of saturation of the magnetic circuit, armature 
reaction, chopper commutation interval and the effect of 
source inductance. In deriving the performance equations, 
approximations suggested by Dubey and Shepherd [9] have been 
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used. The steady state dynamic behaviour of a series motor 
has been investigated with respect to braking torque , 
regenerative power fed back and efficiency of regeneration. 

The boundary of critical speeds below which regeneration 
fails has been derived. The effects of commutation capacitor, 
frequency of operation of chopper and filter inductance on 
the braking performance have been investigated. 

It has been shown that for a given chopper operating 
frequency, the presence of source inductance and the use of 
an over sized commutating capacitor improves the stability 
of the machine characteristics and the control becomes 
better. Moreover, at higher chopper operating frequency, 
the commutating capacitor may get charged to a voltage 
greater -than the source voltage ensuring reliable commutation. 
At low chopper operating frequency, the commutating capacitor 
in case of two thyristor load current commutated chopper 
may get partially discharged to a voltage less than the 
supply voltage during regeneration interval and it will 
adversely affect the commutation of the chopper. It has 
been shown that neglecting the source inductance in the 
analysis may lead to erroneous prediction of machine 
performance. The use of a suitable value of buffer 
condenser at the source terminals, neutralizes the effect 
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of source inductance on the machine performance character- 
istics. The charac temsti cs presented are useful m selecting 
a proper value of filter inductance for a fixed value of 
chopper operating frequency that will ensure stability of 
operation over a wide range and at the same time limit the 
armature current ripple within low specified limits. They 
are useful in selecting a suitable value of commutation 
capacitor. 

Figures 5*1 (a) and 5.1(b) show the idealised equivalent 
circuits of a chopper fed d.c. series motor under regenerative 
braking. In choppers using load dependent commutation, such 
as shown in Figure 5.1(c), the output voltage wave form is 
neither a square wave nor can it be approximated by a square 
ttave without loss of accuracy. Figures5. 2( a) and 5.2(b) 

Show the idealised voltage and current wave forms of such 
choppers. 

5.2 PERFORMANCE EQOATIONS 

The analysis is carried out based upon the assumptions 
mentioned in Sections 2.2 and 4.2. For a d.c. semes motor, 
the induced back e.m.f. is given by 

e = K(i J.i (5 * 1} 

SL o> 

In an actual machine, K will vary due to saturation of 
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magnetic circuit and armature reaction which depend on the 
armature current. In case of chopper controlled series 
motor, the average effect of saturation and armature reaction 
can be taken into account by considering K to be a function 
of average current, I . Ihus, equation (5*1 ) can be 
replaced by 


E 


av 




K,( V 


to 


(5.2) 


where, K T (I aV ) = K ( I aV )' I av * 

iff (T ) is obtained from the internal characteristic of the 
\ av 

machine . 


5.2.1 Analysis when fed by Square Wave Output Chopper 

In this case, there are only two modes of operations, 
i.e.,duty interval and regenerative interval. The corres- 
ponding voltage and current wave forms are shown in Figure 

5.2(a). 

I. Duty Interval: (0£t^ 


di 

E = R.i_ + L • "at 
&y a ax 

R = (R a + R f + R c J * 
L = (L & + + h c ) 


(5.3) 


where , 
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Assuming initial value of i to be X , thi 


a * a i » uliJ - s gives, 


1 a = r <’- e a )+i a r e 


-t/l 


“t/T. 


II* Regeneration Interval: ( dl^t^T) 

di 

B av = R * 1 a + L "dt** + V 

Taking initial value of i = I 0 , 

a a2 7 

~t'/T, 


E -V 

i. - -«£- O-e 


a 


a 


} +I a2* e 


-t’/T 


(5.4) 


(5*5) 


(5.6) 


where , t * *= t - fi T, 


In steady state condition, the expressions for I ^ and I 2 
are obtained with the help of equations (5*4) and (5*6) 
as, 


B Tr -(1-6)T/T 

j = tttl - I llg.—,- 1 

al R R -T TT 

1 -e a 


(5-7) 


a2 


E v - , (1~WT a 

— az _ 1 l-e 

R R ^7T o 

1 -e a 


(5.8) 






"* LL 

p.u. ripple = 

I a2 " *aL 


1-e 

< v7sr 




-(1-6 )T/T 


1-e 


-t7t" 


1-e 


(1- 6)I/T, 


1-e 


f7f“ 


(5.9) 



HO 


The average armature current I is given by 

av ** 


av 


la zJlZ^2l 

R 


(5.10) 


3 em = electromagnetic power developed by the machine 

= E av* I av (5-11) 


let r riy toe the dynamo power loss = I^.R, 


rg 


Regenerative power 


3L 

t‘ 


■( 


(1-6 )T 


l .dt 
a 


r 

r' 


E T -( 1- 6 )T/T 

( —y 1 )(1- 6 )h-("y 1 ) ( ~j ,a ') • ( e -1 ) 


/ B av He 
[ V 


(1-6)T/T a T -(1-6)T/T 


1 -e 


17? 


*M ? a Me 


a 

( 5 - 12 ) 


T br = Electromagnetic braking torque 


^ I av^* I av 


(5.15) 


n = efficiency of regeneration 


rg 


E ♦- 
av av 


(5.14) 
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5.2.2 Analysis for Nonsquare Output Voltage Chopper using 
Load Dependent Commutation 


In this case, there are three distinct modes of 
operation, namely, duty interval, commutation interval 
and regeneration interval. 

X. Duty Interval: (Oj^-t 

The differential equation describing this mode of 
operation is given by equation (5.3) and x a is given by 
equation (5.4) with the same initial condition. 

II, Commutation Interval: (6 1 jCt <.(6 + 6 C )2) 

It is assumed that commutation takes place at constant 
value of load current i & = l &2 * the commutation interval ( 6 C D 
during which the commutating capacitor gets charged from a 
voltage of -V to +V is given by 


III. Regeneration Interval:(6+6 C ) T 4; 

The equation describing this mode is given by equation 

(5.5) with the initial condition i ft (M 6+ & Q W = I a 2* The 
solution of i & is given by equation (5-6) with t* = t-(6 + 6 q )T 
The expressions for I ft1 and I &2 are obtained from equations 
(5.4) and (5.6) taking equation (5.15) into account as 
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E ( 1- 6 1 ) T/T 

I 0 = -ax . I Ize ' ' a 

a R r rT^T7r7f 

1 -e c a 


(5.16) 


i , = !av _ I 1 ^- <1 - 6 ') T / I a 

ai r r • ~^=xmr- 

1-e G a 


(5.17) 


where , 6 ’ = ( 6 + 6 ) . 

c 

In the above equations, &q is unknown, 
from equation (5.15) as follows. 


It can be determined 


T 


y r e. 

HI v T 




, (i-6 „ )a?/T 

.(.1-e c a ) 


+ e 


TT r 6 r Tr7^ 


■} 


. . (5 - ,8 > 

Row expanding the terms containing e G a in interns 

of its power series, yields a quadratic in g c after neglecting 

all terms containing 3rd and higher powers in g , as 

o 


A • <5 4 B (5 4 C 

c c 


(5.19) 


where , 


r m E T/T 

it — f * * ** — . »J3i2» .3 a 
L T V e 

si 


. JL. <>-6)T/T -R i/T a 
T * e + — .e j 


B 


C = - 


%(1-e T/ %-(1-e (1 ' 6)T/I a)_ 21& 

^ (,. e I/T a } 


T / T 
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or - a c = - - is : ± 


2k 


( 5 . 20 ) 


E 


How for a givea -ft , the positive realistic value of 6„ i< 

c 

obtained from equation (5.20), 


The steady state average armature current I xs 

av 

given by 


E 


X av ~ C V 


ay 




T 


( 5.21 ) 


The developed electromagnetic torque T^ r is given by equation 

(5.13). 

1,-1 , , 

The normalised p.u. ripple = - a - — — fm 7 m~ 


( 1 ) 
1 R } 


- 1=SL 

i 

1 -e 


1 -e 
(1- 6 ’)T/T 


rr- 6 J *7*7 ^ ( 5 * 22 ) 


The regenerative power is given by 

,(1- 6')I 

IT € 

P 


= I 

rg T 


1 


. i »dt 
a 


„2 E „2 E T -( 1 -6* )T/T 

(-|2 -i)(i_5i) + |_(-S 2 - 1 ). -a .(e a - 1 ) 


, T / E 0-S')T/T. 

. v! ( L) . S fax - l^TT rsTTil 


i 


-(e 


-(1- 6 ‘ )T/T 


a -1 ) 
(5.23) 


where , 5 * = ( 6 + 6 C ) « 
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The efficiency of regeneration p is given by 

rg 

P 

11 re” IT*I 

x &v av 


, T a S (1-6»)T/T 6T/T (1- 6 _)T/T 1 

~~f l e a + e a - e c a -1J 


w r |_d- s c >- w r - (1- J*} + "Ss | 


(5.24) 


E 

where , u> r = (-|?) 


The critical speed of regeneration for a fixed value of $ may 

be defined as that speed for which P „ just becomes zero, 

rg 

Prom equation (5.23), it is found that P = 0 when 5 ’ = 1* 

rg 

Substituting 6 ' = 1 in the expression zof I in equation 
( 5. 21 ) , one gets, 


I 


av 


ILHgLV 

R 


+ P 


(5.25) 


where p = . 

Prom equations (5.2) and (5.25), 


4^ = critical speed of regeneration for a fixed value of 6 

or 




( 5 . 26 ) 


To determine i£> cV 
rewritten as, 


for a given 6 , the equation (5*18) is 
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2CR 

T 


[ ~g’ 


1 -e 


( 1 ' 


6 C )T/I a 


av 

V 


) cr *0~e 


nr- 


1 2CR. / V % 
j ~ ” * l B a /cr 


as 6' = 6 + 6 C - 1» under critical condition. Now for a 
given 5, 6 is known under critical condition. Therefore, 

v* 


E 

( ~y^) 


cr 


2C.R 


(5*27) 


Then (|p) is calculated using equation (5*27) » The average 
armature current I is determined from equation (5-25) and 
then u> „ is obtained from equation (5.26). Thus, equations 

C* «*> 

(5.26), (5,27) together with equation (5*13) give the boundary 
of regeneration on the speed-- torque plane. Below this 
boundary on the speed-torque plane, the machine fails to 
regenerate . 

5.2.3 Calculation of Current Ripple 

The normalised current ripple for a load current 
commutated chopper is given by equation (5*22). In case of 
chopper with square wave output voltage, the expression for 
normalised current ripple is given by equation (5*9) and it 
is the same expression given by equation (5*22) with 6 C = °* 
For calculation of current mpple , incremental inductance 
should be used instead ofd.c. inductance. Due to presence 
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of ripple in the d. c, current, it gives rise to mini- 
hysteresis loops* As a result, the effective inductance 
offered to the ripple is the incremental inductance which 
is much lower than the d«c* inductance. If the hysteresis 
effect is small, then the approximate incremental indu- 
ctance can he determined by computing the slope (-^|) of 
the mean d.c, magnetising characteristics for different 
values of current as described in Section 4*3*3 of Chapter IV. 
The effective time constant 1 of the armat ur e circuit 

Q. 

should he calculated by taking the combined average incre- 
mental Inductances. 

5.2.4 Analysis in Presence of Source Inductance 

All the possible modes of operation are described 

below. 

I. Duty Interval: (0 4 t 4 fiT) 

The differential equation describing this mode of 
operation is given by equation (5.3) and i & is given by 
equation (5*4) with the same initial condition. 

II. Commutation Interval: ( t-( 6+ 6^)1) 

With the assumption of constant current during 
commutation, the commutation interval ( 6 C T) during which 


* 
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the capacitor C gets charged from - V ^ to +V volte is given 
by the equation 

C(V+V ) 

60 = 

III. Regeneration Interval I: ( 6+ 6„)Tn£ t^(§+ 6 + 6 ! ) T 

C G 


This mode starts when the capacitor G has been charged 

to a voltage V with upper plate positive as shown in Figure 

5.3(a). At this time, the diode D r being forward biased, 

regeneration will start. But due to the presence of source 

inductance L , the entire armature current cannot be 
0 

transferred immediately to the source and so Ihe capacitor 
C will get charged to a voltage V. The equivalent 
circuit is shown m Figure 5«3(a-)» Ihe differential equations 
are , 


di 

h ' at' 


+ R.i + L, 


di 

dV 


+ V = E 


av 


(5.28) 


1 

0 




(5.29) 


with i & (t* = 0) = I &2 

4-431 (5 * 5 

x a r c 

where, t' is the time redefined from the beginning of 
this mode. Taking Laplace’s transform of equation (5.28) 
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and ( 5.29) after neglecting the voltage drop across the 

resistance R, the capacitor current i is given by 

c 

M r 1 ,.8 

c L w 2 + 2 ~7T -1 

l(s + / 1 ) b + JA 


or. 


E -V 

1 0 = • y- • ein Vi*’ + l a 2- oos V\ x ' 


(5.31) 


where , 


L+L 

TTlIc 

s 


since, ^ is a large quantity, the first tern in equation 
(5.31) can he ignored* Thus, 


i c = i a2 .cos 


(5.32) 


Now# substituting i c from equation (5.32) into equation 
(5*28), the armature current 1 is given by 


a 


E -V - at* 
-S| — ( 1-e 


)+I a 2 #e 


a 

— at * L 

a. 

L+L 


s 


#I a2^ 


- at' 

e -cos ^t* 


i-sxny, fj 


Now, as V* is a large term, -Jr -sm y, . t can be neglected, 

X, r ' - at* "1 

_2 .( e -cos jXt‘) is also small compared to 

L+L„ a2* 


Again, 


s 


the first two terms* Therefore, 
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x = 
a 


E -V 
£SL 
E 


( 1 -e 


- at' 


> +I a2- e 


- at 


(5.33) 


This interval ends when i =0, which gives 


t _ 


71 


6 c 2 


(5.34) 


The armature current at the end of this interval is 


B --V - 6 :®/®.' 

a 2 ~ E )+ 1 a 2 


i a (6^T)=X^ = -af- (1-e'~ c 


a )+I ..a " c ' a (5.35) 


If the armature circuit inductance is sufficiently large, 
then it can be assumed that I ' 2 However, for 

some values of 5 and depending upon the parameters L g , L and 
C, this mode of operation may not be completed before the 
beginning of the next cycle. In that case, I ^ 2 is replaced 
by 1 ^ in equation ( 5 . 35 ). The maximum voltage V 2 to which 
the capacitor 0 may be charged is given by 



.dt+V 


v+ cy, 


sin y, • 6 “ V+ cy~ 


t? 


/ rr 7r\ 


IV. Regenerative Interval II : ( 6 + 6 c + 6 — P T ) 

This interval starts when the capacitor current i c 
in the previous mode has already reached zero value and the 
capacitor „C has been charged to a voltage V 2 >‘V. The 
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overcharged capacitor starts discharging partially against 

the supply and machine armature circuit via I and diode I). 

in 

The equivalent circuit of this mode is shown in figure 5.3(h). 
The differential equations describing this mode are 
di P,T dl 

L - *** + “- 1 . + 5 ( V 4 *' 


and 


" J V 


di 

S. 

dt 1 


Pi 


T 


1 

C 


i .dt’+L r 


L. 

s dt 1 


(l *- 1 c)“V v 


(5.37) 

(5.38) 


where t* is the redefined time from the beginning of this 
interval. The initial conditions are, 

V 05 = Kz- = °- 

The solution of i is obtained by solving equations (5-37) 
and (5-38) after neglecting voltage drop across R, as 


c max 
wh ere , 

I 


_ . sin yj t* 

V 0 (X+Xj -7.1-1 E 
22 a s 


(5.39) 


aSL 


max 


ill L+L I +1 L 
y s m s m 


■t 


X+X, 


and 


L+X 


v\ = - vi as L m is very smaU 


compared to X. 
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The final voltage on the condenser is given by 
I 

V 1 = V 2 + 5®^ • [oo»y r P,I - 1] (5.40) 

The minimum possible value of -will occur if ^ p^T = it 


i.e. p 1 - 


TC 


1 


(5.41) 


The armature current during this interval is obtained by 

substituting i from equation (5.39) into equation (5.37) 
c 

and solving for i which gives, 

St 


E -V 
R 


(1 


-t’/T' 


)+ I 


a2 


-t'/T 

e 


« 

a 


(5.42) 


i ((3,T) 
a i 


E 


I " 
a2 


( 1**e 


P 


R 


,T/T’ 

1 a )+I , 




a2 


(5.43) 


If the armature circuit inductance is sufficiently high, 
then can *>e replaced by I a2 » 

V. Regenerative Interval III : (6 + 6 C + 6 *+ 0 )T ^ t^( 1-6- & c ~ ^~p)T 

This interval starts when i c becomes zero in the 
previous mode. If i has not reached zero value before the 
beginning of the next cycle, then this mode will not exist. 

The differential equation describing this mode is given by 
equation (5*5) with initial condition i a ("k -~0)-I a2 * 
solution of i is 

Si 



(5.44) 


E -V ~t ' /T ’ -+ 1 //p t 

1 a = *~^R ^“ e a )+I ^2 * e a 


where , t* is the time redefined from the beginning of 
this mode. The armature current at the aid of this 
interval is 


i ( t=T ) =1 
a 


al 


B -V < -(1- 6")T/T* 

lr~ x Ue 


>1 -( 1 “ 6 ”)T/T ' 

V+I", “ a 

J * 


'a2* 


(5.45) 


where 6 " = ( 6+ 6 0 + 6^ + £ 

Substituting the value of I^ 2 fhom equation (5-43) and 
taking yi®l^Sj 

-(1- 6- 6 -6;)t/t 

. C w 


al 


I - is 

3.*~ 


Y v < l i 


} +I a2-' 


(5.46) 


obtained for t s 6l in equation (5*4) as, 


- 6T/T 


(5.48) 


E - 6T/T w~/ , „ JoV 

I a2 = -f 2(,_e a)+I a1- e (5 ' 47) 

By elimination of variables from equations (5.46) and (5.47), 

E ^ 6 c“ i 

I a1 “ “I 2 " H [ ^ 1 

1-e 

3,14 E (,. 6- 6 e - «;)*/*; 
x a 2 - -f 2 - s l* = *n=T? r 6F*r*'s * « " 

1 -e 

/ T Z- ) 

\ "m <? t ' * 

a a 


] 


(5.49) 


a2 

where , a 
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The average 
6 T 

I a'V'~ T f ^ 


armature current is given by 

P .T 

V dt+I a2V4 V dt+ C - .dt 

v* ; (6 ‘ +6c )t a 

(1- 6' - 6^- Pl )T 

+ i i a* dt 1 

(6'+ 6^ P 4 )® 


(5.50) 

The expression for regenerative power is given by 

„ v Pt T 

P rg = fC ( W at+ (' (i-ijdt 

J 6'T J (6’+6pI 


(, . 6 - 6 c - 6 ^-p 1 ) T 

( 6' + 6^ +0 t )T 



(5-51 ) 

The electromagnetic developed torque is given by equation 

(5.15)* 


The values of 6 and 5 » in the above equations are 
unknown. They can be determined as follows. The value 
of Vg is obtained from equation (5.36). Substituting the 
values of V 2 , I ffi , y. etc. in equation (5.40), yields, 

I I 

v i - v + .(cos y 1 . 0 jT-l) 
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Now taking I max ~ I ft2 

V t « v + . cos y i , p 1 T (5.52) 

Substituting from equation (5.52) into equation 

c(v+v 1 ) 

6 = — gives 

c i a2 

on V 1 

6 c ~ ttt ~ 2 + cos p i T 


cl 


Vi 


¥ 


cos 






where , 


6 cl 


2C.v_ 

I 0 .T 
a2 


(5.53) 


The value of 6 „ is determined as shown below. 

c 

Substituting I ~ from equation (5.49) into equation 
a* — 5 C T/T 

(5.55) and then expanding the terms e a in terms of 

their power series and neglecting all higher order terms in 

6 greater than two yields a quadratic in & c as 
c 


A' 6^ + B' 6 c + O' = 0 


or, 


6 


C 


B* , SEZiSSi 

2 F 1 2A« 


(5.54) 



where # 
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A 1 


(~&ZwJV ^ " 6')T/T'+ a6 (< . 

^ V M T t)e G a ,l v ( 1“ 6~ <5 f )T/T' 

a “ (mr)e c ' a 

a 

+ Oil ,Q? . ( 1 - 6 *)T/T + ox 

+ *(nT-).e C ' a + ®o 1 E 

a a « L-*r r-SE'k t ..T 1 2 

** a y T ' 


a 


• e 


(1- 6')I/T' + a 6 


b- .5pH (, -*! )! Vi H- 4 -« ;Wla . 


) 


- 2£R J 1 - 6*)T/T a » + a 6 


T r * e 
a 


E 




.0 


(1“ 6 ' ) T/T ’ + 


a 


a$ 


T 


T. 


( 1- 6- 6' )l/L 

r * 6 ° J-cos y^T 


2 ££ (,. e (, ‘ s c )T K + a« 


T 


E 


(1 


■e 


(1- 6 ’ )T/T'+ 




a 


a6 


) * C0S ^ -ynjr * 


( 1 . 


-e 


(1-6- 6 ' ) T/T 1 


).co s y 1 pjT 


The positive realistic value of i s obtained from equation 

(5.54). 
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'° r the best machine and the h 
parameters of which are ° PP6r the 

*i is quite hig h ( 6 ,7!r ^ * (Machine IV) 

frequency of 400 Hz °a } ^ Ch ° Pper operating 

ilz * As a result, excent 

values of 6 , the next cycie XC6pt for iow 

regenerative interval I and th nS ^ end ° f 

operation are absent. ^h T ^ ^ « 

— "* - enough time t0 ^ — 

V a. commutation interval ( 4 „ in Z ^ 

determined from eauati * ° ase ’ oan be 

equation (5.1 5 ) without much i osa of 

accuracy. corresponding expression for I is obt , 
from equation (5.50) dropping the last t * ^ 

available « . in thin ca • “ S ' ^ 

mv 6 ° h 13 then obt ai”ed » 

corresponding expression for Pfg is obtain^ “from ° 

Zd ” dr ° MinS ^ ^ tW ° te “ 8 ' *• critical 

speed of regeneration is determined from equation (5.27). 

The ex Preasions for I and P +h < 

a.v rg f r this case are given below. 

r jair . ® E _ -A T/^ m T r 


X av = V • « +£) + (e" {T/I h -,) + ffflTl . 6 . + 


B av' V , T/f 


jW — V * 

. JO_ (e -O 
” 6^ T/V 


a -1 ) + I 


a2 l 4 


T' 
+ -J& 
T 



E -V 

p - v r -as— 

rg R 


6 • 
c 




1 58 


+I a2< 


~^ a ) . ( 1-e 




T/T* 

a 


)] 


(5.56) 


where , 6^®(1-6-6 0 ). 


5.3 EFFECTS OF VARIOUS PARAMETERS ON STABILITY UNDER 
REGENERATIVE BRAKING 

Stability problem arises m chopper controlled d.c. 
series motor under regenerative braking. The stability of 
braking characteristics can be explained as follows. If 
we consider a simple series generator feeding an external 
load, the operating point is where the resistance line cuts 
the magnetisation characteristics as shown in Figure 5.4(a) 
l .e. 

IE « 

.. a _ JL 

V ~ V 

For a given load current, the machine will fail to self 
excite when the slope of the load line is the same as that 
of the magnetisation curve. Now, under regenerative braking 
condition using a square wave chopper, the equation 
describing the steady state operation is given by 

E R.I „ 

-SE ytt + (1- 6) 
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In this case, the load, line shifts from the origin by 
(l- 6 ) as shown in Figure 5*4(b), So, for lower values of 
6 , the machine may fail to self excite even at a much 
higher speed. The small amount of torque that is produced 
under this situation is the dynamic braking torque owing 
to residual magnetism. 

Now when regenerative braking is carried out with a 
load current commutated chopper, the equation is given by 

=^+ 0 - 6 ) + 6 C ) 

In this case, the load line shifts down and therefore it 

improves the stability. Higher is the value of G, both & c 

and will increase and hence the stability will 

1 e 

improve. This is on the assumption that 

’When there is some source inductance, the commutation 
process may continue upto the end of regenerative interval I 
as shown in Section 5*2.4. It a capacitor value larger 
than that required for safe commutation is used capacitor 
does not discharge to a value lower than the supply voltage. 
This oversized capacitqr increases the commutation interval 
6 T and also and hence will improve the stability of 

braking characteristics. If a suitable buffer condenser is 
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used across the source terminals, then the effect of source 
inductance is neutralized and stability of the characteristics 
will be determined corresponding to the case when no 
source inductance is present, 

5* 4 PERFORMANCE CALCULATI ON AND EXPERIMENTAL VERIFICATION 

The experiments were carried out on a d.c. series 
motor under regenerative braking, details of which are 
given in Appendix B, using a two thyristor load current 
commutated chopper (as shown in Figure 5.1(c)). The values 

^ k as been shown in Figure 4.8(a) of Chapt°-" I^'o 

For the given test machine, K'(I ) can be approximated by 

3 . 

three straight lines as shown m Figure 5.5. Figure 5.6(a) 
and 5.6(b) show the Calculated speed-torque characteristic 
Of the. motor with square wave output voltage and nonsquare 
output voltage chopper using load dependent commutation 
respectively without taking source inductance into account. 

The nature of the calculated characteristics are some what 
similar for higher values of torque for fixed values of $ but 
they differ considerably at low values of braking torque. 

The variation in characteristics are due to commutation pulse. 

In Figure 5.6(b), it is observed that for $<^0.45, the 
torque speed characteristics exhibit steep negative slopes 
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under light "braking conditions. The experimental 
characteristics were determined after using a buffer 
condenser bank (8000/4-1') at the source terminals. Under 
light braking condition, the actual characteristics were 
unstable for fi <0.45. Only two operating points have 
been shown for 6 = 0.3 as machine operation was unstable 

for lower values of torque. As the torque was reduced 
the machine operation shifted to low torque and high speed 
with negligible regenerative power, for g "> 0.57, the 
characteristics exhibit positive slopes under all braking 
conditions for the given values of filter inductance 
and commutating capacitor and the operation is found to 
be stable and control is smooth. Discontinuous conduction 

was not observed. 

The theoretical boundary below which regeneration 
fails has been shown in Figure 5.6(b) by dotted lme-s. 

The figures 5 . 7 (a) and 5.7(b) give strategy for changing 6 
with variation of speed to produce constant braking 
torques for a square wave output chopper and for a load 
current commutated chopper respectively without taking 
source inductance into account, A. effect of confutation 
capacitor on the torque speed characteristics has been 
demonstrated in Jigure 5.8, where it is observed that 




F±i ,t>,7 Sreed vs. duty ratio for constant braking torque. 
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an increased value of commutating capacitor has considerable 
stabilizing effect on the steady state performance of the 
machine. It is also seen that for higher values of torque, 
the commutating capacitor does not influence the charact- 
eristics significantly. 

figures 5.9(a) and 5.9(b) show the calculated speed 

versus regenerative power characteristics for a square wave 

and for a load current commutated chopper respectively 

for fixed values of 6 without taking source inductance 

into account. The experimental values were determined by 

using buffer condenser at the source terminals. For higher 

values of braking torque, the nature of the character! sties 

are some what similar bit for low values of torque, the 

characteristics differ. By increasing the value of commutating 

capacitor, it is observed that for a fixed value of 5 , the 

regeneration takes place at lower values of speed. Under 

heavy braking condition there is not much change in the 

regenerative power due to increased value of capacitor 

and the characteristics converge asymptotically. Experimental 

results have also been plotted in Figure 5.8 and in 

Figure 5.9(b) and show a good agreement between measured 

and predicted values. Fig. 5.9(c) shows calculated curves 

for P versus U> for fixed values of 5 with different 
rg 
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values of (“nr* ) ratio. If (**sr* ) is increased, it is 
a i a 

found that the regenerative power remains almost same 
for the same speed at fixed value of 6 for higher values 
of braking torque. If the ratio (~i~) is decreased which 
can be done either by increasing the chopping frequency 
or by adding extra filter inductances m the armature 
circuit, the stability of braking characteristics improves 
as seen in Figure 5,8 for the same value of commutating 
capacitor (C = and fixed value of 6 = 0.3, The use 

of an increased value of commutating capacitor (C - 1 6 ^ F) 
also have similar effects on the braking characteristics 
for the same value of (-f~) ratio and 6 . It is found from 
Figure 5.9(e) by decreasing -f^ by a large amount, does not 
increase the regenerates powe? for higher values of torque. 
But regenerative braking can be carried out stably at much 
lower value of speed for low values of 6 in this case. 

Figure 5.10 shows the calculated curves (neglecting 
source inductance) for armature current ripple m p.u. for 
(i) constant corresponding to combined 4. c. inductance 

of armature circuit at rated current (ii) \ corresponding 

to variable incremental inductance V d aT ) of 

combined armature oirorit. Ore experimental values of rapp e 

in p.u. measured after putting *r«er — * ** 
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source terminals have also been shown in. Figure 5.10. It 

is observed that a large error occurs m the prediction of 

ripple using constant value of d.c. inductance at rated 

current. The use of incremental inductance L. (I ) 

m av 

results in a better prediction of ripple. However, m both 
cases, the influence of eddy current fluxes in the motor 
field cores were not taken into account for prediction 
of ripple. 

Figure 5.11(a) shows the calculated curves of 

efficiency of regeneration q versus speed u> for the 

load current commutated chopper controlled d.c. senes 

machine using equation (5.24) f For a fixed value of 6 , 

the efficiency r) rg is maximum near about the rated current 

operation. Figure 5.11(b) shows the typical curves of -n r g 

versus to for a square wave chopper for fixed values of 

T 

6 = 0.45 and 6 = 0.57 respectively for different -r— ratio. 

m n 

It is found that if -s— ratio is increased, the efficiency 

i a 

of regeneration falls marginally at higher values of 
braking torque. 

To determine experimentally the influence of source 
inductance, the buffer condenser bank across the source 
was disconnected. The source consisted of a JEW, 220V d.c. 
separately excited generator having an armature inductance 




fig. 5.11(a) Efficiency of regeneration (^ rg > ®**® d 
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of 40 mH (D.C.)» The self inductance of the choke used 
was 500 mH. For this chopper operating frequency of 400 Hz, 
the circuit parameters i f L , C and L ffl are such that the 
commutating capacitor current 1 does not get enough time to 

V 

come to zero value during regeneration interval I before 
the beginning of the next cycle. As a result, the next 
two modes of operations are completely absent. Discontinuous 
conduction is, found to be absent. Figure 5.12 shows the 
predicted and measured speed-torque characteristics of the 
test motor for two values of { , i.e.^0.32 and 0.49. Speed- 
torque characteristic calculated for 5 — 0.32 neglecting 
source inductance, has also been shown in Figure 5.12. It 
is fo un d that considerable amount of error is introduced 
if source inductance is neglected. Moreover, the nature of 
the characteristics predicted neglecting source inductance 
are somewhat different. For the same value of commutating 
capacitor, while the actual characteristics predict stable 
operation, those obtained neglecting source inductance show 
negative slopes for lower values of torque indicating 
instability. Figure 5.13 shows the corresponding regenerative 
power versus speed for two values of 5 . The calculated 
values agree well with the experimental. On experimenting 
for different values of 5 , it was found that for 6 *^ 0.57, 
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regeneration did not take place. The difference in the 
nature of the characteristics of Figures 5.6(b) and 5.1 2 
is quite noticeable. While characteristics with source 
inductance in Figure 5.12 show e stable operation m complete 
range of speed torque, it is not so when buffer condenser 
is put across the source terminals. 

5.5 OOtfCIUSIONS 

The following conclusions can be drawn from the 
above study. 

1 . Armature reaction, magnetic saturation, effects of 
various modes of operation of chopper and the effect 
of source inductance should be taken into account for 
reliable prediction of braking torque and regenerative 
power. 

2, The method of analysis presented in this chapter is 
general and can be used for performance calculation 
of d.c. series motor under regenerative braking mode 
using choppers with and without square wave output 
voltage. It takes into account the effects of all 
the factors mentioned above. Further more, it permits 
the prediction of braking performance with satisfactory 


accuracy . 
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3. The net electromagnetic braking torque increases with 
speed in the stable operating region for fixed -value 
of <6 . 

4* The choic e of an oversized commutating capacitor along 
with a suitable filter inductance at the motor armature 
circuit improves the stability of operation under 
regenerative braking even at low values of . 

5. The soiree inductance improves the stability of machine 
braking characteristics and thus control is better. 
However, for the same machine speed and &, the regenera- 
tive power is reduced m the presence of source inductance. 
An oversized commutating capacitor is recommended to 
avoid commutation failure in case of load current 
commutated chopper especially when the source contains 
appreciable amount of inductance. The use of a suitable 
buffer condenser neutralizes the effect of source 


inductance 



CHAPTER VI 


EFFECT OF SOURCE INDUCTANCE ON THE DESIGN OF CHOPPER 
COMMUTATION CIRCUITS 

6.1 INTRODUCTION 

The function of chopper commutation circuits is to 
extinguish a specified peak value of load current and then 
to maintain a reverse voltage across the thyristor, which 
has been extinguished, for a period greater than its turn 
off time. Typical d.c. choppers use two thyristors, two 
or more diodes. Some choppers use three thyristors and 
several diodes. Commutating capacitors along with a few 
inductances are used to provide forced commutation in 
chopper circuits. William McMurray [23] has given a compa- 
rative study of several chopper circuits working on the 
principle of forced commutation. In this chapter, the 
influence of source inductance on the commutating capabi- 
lities of some standard chopper commutation circuits has 
been presented. 

In the analysis presented here, load current is 
assumed constant during commutation interval. 

6.2 CASE I: TWO THYRISTOR CHOPPER USING LOAD CURRENT 

DEPENDENT COMMUTATION 

The circuit diagram of a typical two thyristor load 
current commutated chopper is shown in Figure 2.1. Due to 
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source inductance, the commutating capacitor C gets charged 
to a voltage V 2 (greater than V) , given by equation (2.9). 
during free wheeling interval and then if sufficient time 
is available, the overcharged capacitor will discharge 
partially through L ffi , D, I , supply mains and D^. The 
minimum value of the voltage on the capacitor (for low 
frequency choppers) is given by equation (2.11). This 
voltage is available for commutation of the main thyristor. 
The circuit turn off time t is given by the following 
equation 


t c - 


V c _I.C 




(6.D 


x a2 i a 2 

Typical idealised wave forms of v c and i Q during commutation 
are shown m Figure 6.1 . Since the maximum voltage on the 
capacitor is higher with source inductance , the voltage 
ratings of capacitor, thyristors and diode increase accor- 
dingly. When there is no source inductance, then = V and 
the time for which the main thyristor will remain reverse 
biased is given by 


t 


co 



(6.2) 


From equations (6.1) and (6.2) we get. 
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Normalised commutation time 


/v 




where » 


X. 



and X Q 



(6.3) 


Proceeding as above, it can be shown that the maximum 
normalised voltage v n on the capacitor is given by the 
following equation. 


Y o 

(““) = v. 


— i 4. 

n 1 X D 


(6.4) 


Pigure 6.2 shows the variation of £ — versus X Q with X Q 

as parameter. It is seen that at a given value of X Q , the 

available circuit turn off time reduces with the increase 

of X„, i.e. the source inductance reduces the turn off 
c 

time of the main thyristor. Thus the value of commutation 
capacitor should be chosen taking source inductance into 


account for reliable commutation 




Fig. 6-2 Normalised turn off time vs. X G 
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The variation of v with X_ with X_ as a parameter 

H w W 

is also shown in Figure 6.2 by the dotted lines. These 
curves can be employed for obtaining the voltage ratings 
of commutation capacitor, thyristors and diodes. 

6.3 CASE II: THREE THYRISTOR CHOPPER WITH LOAD CURRENT 
DEPENDENT COMMUTATION 

If diode D in Figure 2.1 is replaced by a thyristor 
or a three thyristor chopper as shown in Figure 6.3(a) is 
used, then after the capacitor is overcharged to a voltage 
V 2 due to source inductance, it will not have a path to 
discharge. In that case the voltage available with the 
capacitor for commutation will be anc ^ normalised 
circuit turn off time will be given by the following 
equation. 


t 

(-r~ > “ 1 + X s - 

CO o 


(6.5) 


In t his case the circuit turn off time increases linearly 

with* * * ■ for a given X A • Variation of ( with X Q with. 

C 0 v co 

X c as parameter is shown in Figure 6.2 by dotted lines 
(case II). Here the source inductance increases the circuit 
turn off time. The increase in the voltage rating of the 
thyristors, diodes and capacitor is the same as in Case I* 
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Here, reliable commutation oan be achieved with a lower 
value of capacitor compared to case I. However, thyristors , 
diode and capacitor of higher voltage ratings will be 
required. If the same value of capacitor is used as for 
case I, while the voltage ratings will be same, commutation 
will be more reliable due to higher value of circuit turn 
off time , 


6.4 CASE III: 


THR-RH THYRISTOR CHOPPER WITH A DI03B IN 
ANTIPARALLBL TO THE MAIN THYRISTOR 


The circuit diagram of such a chopper is shown in 

Figure 6.3(b). In this case, an additional path has been 

provided for recharging of capacitor C through D 1 1 * and 

L during commutation of the main thyristor T 1 . To commutate 
o 

the mam thyristor T 1 which is carrying a load current of 
I I is triggered. The condenser C which is charged 
to a voltage of -Vg generates a sinusoidal current pulse i c * 
When i c becomes equal to 1^ thyristor T^ turns off. A 
current equal to (i 0 «I a2 ) now flows through the diode and 
thyristor T^ is reverse biased by drop across . The 
capacitor voltage and current waveforms are shown in Figure 
6 . 4 . Current through diode flows far t = t^ to 

t = The capacitor current i Q is given by, 

i = 7 = 1 — * sin (VJ't) 

° fhF 


(6.6) 
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where , 


and , 


y 0 - 


j i +i 

T + — a-a i 


V 1 .- 0 


a2 


Now, 


and 


♦ql = "vT sin' 


V 


1 

Vo T 


TT 


"I 

- sin 



The circuit turn off time, t, =(t^2 "* ^qi ^ 


■ ■ 2rin ' 1 1 


tI js ; 

-1 S >2* C 


It can he shown that 


£ 


L +1 

V. = V + f — “jr- 2 - . I 


a2 


(6.7) 


( 6 . 8 ) 


Substituting for V 2 in. equation (6.7), yields 

nr 

H „ . -1 I a.2* C ) 

rr- 2 sm j rrrr • t 


tc = )i f 


l ? +(^-a_ a 


C ^ I a2 


(6.9) 


When there is no source inductance, the capacitor charges 
to a voltage V given by 
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V- = V + 


id. I 

c * V 


( 6 . 10 ) 


Tlie turn, off time available in the absence of source 
inductance is given by 


1 


'«•' Vo 


7T “ 2 sin 


H 


a2 l C 


/ 4 °- 


i 


7 + 1 - 3 * ‘ ‘ha 


( 6.11 ) 


t 

S~ 


= normalised turn off time 



J 


7t - a sin -1 1 xT~rrrr} 


wm - '■~t£tUBSSStBUS 8 F m * 

X + Tf + y . 


7 T- 2 sin 




i 


1 


X + 1 J 


( 6 . 12 ) 


where , 


X = Jt- / 
I a2 



0 and y = 


It can be shown that the normalised maximum voltage v n to 
which the capacitor gets charged m the presence of a source 
inductance is given by the following equation 
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la _ _ = X+YlA 

V£ n X + 1 


(6.13) 


t 

Normalised curves of (r- 5 - ) and v versus X have been plotted 

tc0 

in Figures 6.5(a) and 6.5(b) respectively withy as a 
parameter. It is found from these curves that the source 
inductance slightly improves the commutation capability of 
the chopper. However this is achieved at the expoace of 
significant increase in voltage ratings of thyristors, 
diodes and capacitors as in the previous cases. The 
increase in voltage rating due to presence of soiree indu- 
ctance can be computed from the curves of Figure 6.5(b). 


6,5 CASE IV: TWO THYRISTOR CHOPPER USING LOAD INDEPENDENT 
COMMUTATION 

The circuit diagram of such a chopper described by 
J. Gothiere and H. Hologne [24] is shown m Figure 6.3(c). 
The sequence of operation of this chopper is briefly given 
below. With the triggering of the main thyristor T 1 , the 
current from the source starts flowing. The load current 
is still free wheeling through the free wheeling diode D^. 
A part of the source current flows through Dg* I* 2 nd C 
charging the capacitor C to a voltage almost equal to 2V. 



V/*o I 


CAS# III 



M 9.6 6 (a) KormoHMtf turn off tim« v». X 



Fig. 6.6(b) MorntatfM* votMg# vs« X 


187 


The free wheeling action stops when the source current 1 

s 

equals I ^ of the load current. The load current then 
continues to increase exponentially. At the end of the duty 
interval, T 2 is triggered and the capacitor discharges 
through the load and also through the source via diode ^ . 

A typical current wave form of this chopper has "been shown 
m Figure 6.6. When i Q reaches I 2 » ^ m ai n thyristor is 
blocked and the capacitor current in excess of the load 
current, flows through D 1 1 and the supply. The main thyristor 
T.j remains reverse biased until i c falls back to T a 2 * 
differential equation governing 1 during commutation interval 
is given by 


L 



1 

G 



x dt - L 
c s 



a2 


-i ) = 2V-V 

C 


with i c (°) =0* 

The solution of the above equation is given by. 


i 


c 


where, 

V'o 


__v 

ffj 


sin( yyt) 


1 

fMTTc 


( 6 . 14 ) 


Let at t = t q1 , i 0 = I a2 
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The circuit turn off time for the main thyristor is 




When there is no source inductance, the turn off time is 
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-Vi + 


X 


TT- 2 sin*” 1 1 


{\ - 2 sin" 


L 

f 1 + JB. 
+ 1 


X, 


£ 2 . 


where , 


X 


co 



0 and X o 


ha ’ 



figure 6.7 shows typical plots of normalised 'turn off' 
t X L 

time ( r—*' ) versus (=£*) with -r- a as parameter* It is 
co A o ^ X 

found that for lower values of ratio, the 

A o L 

normalised turn off time increases with =r a and hence with 

L x 

the source inductance. For higher values of =2* , the 

o 

normalised turn off time decreases rapidly with the increase 
L 

of ( -r a ). Thus for this type of chopper, the source 

X 

inductance improves commutation for lower values of ( —- • && ,) 

X *o 

but it deteriorates for higher values of (-S*) as seen from 

x Q 

the curves m Figure 6.7. Since the chopper is used from 
small to large values of load current, the net effect of 
source inductance is to reduce the circuit turn off time by 
a large amount. In order to get a required value of circuit 
turn off time f a large value of C will be required. This 
will make the resonant frequency small making it necessary 
to operate the chopper of frequencies much lower than the 


i 
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normal. To overcome this problem it is customary to put 
a filter capacitor at the input terminals of the chopper. 

If source does not have the ability to absorb. power when 
reverse current flows, this ability will also be made available 
by filter capacitor. 

Source inductance does not have any effect on the 
voltage ratings of thyristors, diodes and capacitor. 

6. 6 GONCIUSI OK'S 

1 . For a two thyristor chopper using load dependent commu- 
tation (case I) where a discharge path is available for 
the capacitor during free wheeling, the source inductance 
reduces the circuit turn off time and thus adversely 
affects the commutation of the chopper. It increases 
the voltage ratings of the thyristors, diodes and capa- 
citor. A higher value of capacitor has to be used to 
ensure commutation. 

2. In case of three thyristor choppers using load inde- 
pendent commutation where no discharge path is available 
for the condenser (case XI), the source inductance 
increases the circuit turn off time and thus it helps 
commutation. In this case, a lower value of capacitor 
ensures reliable commutation. Bit this is at the expense 
of higher voltage ratings of the components* 
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3* For a three thyristor chopper using an antiparallel 

diode across the mam thyristor (case III, Figure 6,3(b?the 
source inductance slightly improves the commutation of the 
chopper. However this is at the expense of substantial 
increase in the voltage ratings of the components. 

4. In the case of chopper using resonant pulse commutation 
(case IV Figure 6.3(c)), source inductance adversely 
affect commutation by reducing the circuit turn off time. 

In such circuits, a capacitor should always be used 
at the input terminals of the chopper. The voltage ratings 
of the components remain unaffected. 



CHAPTER VII 


IMPORTANT CONCHJSIONS 

Prom the work reported m the previous chapters 
the following important conclusions are drawn. 

7.1 CHOPPER CONTROLLED D.C. SEPARATELY EXCITED MOTOR 

7.1 .1 Motoring Operation 

1. Discontinuous conduction does take place m case of 
chopper controlled d.c. separately excited motor unless 
an external inductor is used in the armature circuit 
or the chopper is operated at a high frequency. 
Discontinuous conduction makes speed regulation poor. 

2. In presence of source inductance commutation capacitor 
of chopper with load current dependent commutation 
initially charges to a voltage higher than the source 
voltage. In absence of a discharge path,chopper commu- 
tation will improve. If discharge path is available, 
commutation will be poor. In both the cases the voltage 
ratings of capacitor, thyristors and diodes will- 
increase. 

3« In chopper circuits where commutation capacitor can 

discharge through the source and the load, discontinuous 
conduction has adverse effect on commutation. 
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4. Speed-torque curves become more drooping in presence 
of source inductance. 

5 . Effect of source inductance on motor speed-torque 
curves and chopper commutation can be reduced or 
neutralised by the use of a buffer condenser at the 
input terminals of the chopper. 

6 . The analytical method presented takes into account the 
effect of source inductance, chopper commutation interval 
and armature reaction of the motor and permits the 
prediction of the performance of chopper controlled 

d.c . motor with satisfactory accuracy. 

7.1.2 Regenerative Braking Operation 

7. The analytical method presented in Chapter III is 
general in the sense that it takes into account the - 
effect of source inductance, chopper commutation 
interval and the effect of armature reaction of the 
machine in the analysis. It can be used for choppers 
with or without square wave output voltage. The 
predicted performance agrees well with experimental 

results . 


* 



8. The boundaries separating the regions of continuous 

and discontinuous conduction on the normalised torque 

speed plane for the square wave case can be employed 

m 

to select a suitable -s~ ratio to optimize the 
regenerative power, the efficiency of regeneration, 
eliminate or reduce the region of discontinuous 
conduction and to reduce the armature current ripple 
below a low specified limit. These boundaries can 
also be used to obtain a conservative estimate of a 

m 

suitable ratio m the case of a chopper with 

i a 

load current dependent commutation. 

9. The source inductance reduces the regenerative power 
for the same value of duty ratio $ and speed. It also 
reduces the upper control range of 6 • 

10. In the presence of source inductance, the commutating 
capacitor initially charges to a voltage greater than 
the source voltage. Subsequently it discharges and if 
enough time is available it will discharge to a voltage 
less than the source voltage. Thus, a higher value of 
commutating capacitor is to he chosen to ensure reliable 
commutation. The voltage ratings of thyristors, diodes 
and capacitor increase due to source inductance. 
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7.2 CHOPPER CONTROLLED D.C. SERIES MOTOR 
7.2,1 Motoring Operation 

11. The method of analysis presented is general and it is 
applicable to choppers with or without square wave 
output voltage. It takes into account the saturation 
of the magnetic circuit, armature reaction of the 
machine, the eddy current effect and the effect of 
source inductance. It has been found that the eddy 
currents induced m the field cores do not influence 
the machine torque '-speed characteristics significantly. 
But they influence the armature current ripple appre- 
ciably. Moreover, it is demonstrated that incremental 
inductances are to be used alongwith eddy currents 
for reliable prediction of current ripple, 

12. As in the case of separately excited motor, speed-torque 
characteristics of the series motor also become more 
drooping due to source inductance. 

13. In choppers involving discharge path for commutation 
capacitor through the source, commutation gets adversely 
affected m presence of source inductance. Commutation 
will however improve if no discharge path is available. 
In both the cases voltage ratings of thyristors, 
capacitor and diode increase. 
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14. Effect of source inductance on motor perfor man ce and 
commutation can be reduced or neutralised by the use 
of a buffer condenser at the input terminals of the 
chopper. 

7.2.2 Regenerative Braking 

15. The method of analysis takes into account the effects 
of armature reaction, magnetic saturation, influence 
of source inductance and the effect of commutation 
pulse. It permits the calculation of performance 
with satisfactory accuracy. 

16. The electromagnetic braking torque increases with, 

speed for a fixed value of 6 under stable operating 
conditions. An increased value of commutating capa- 
citor and a suitable filter inductance in series with 

the armature, improves the stability of braking 
characteristics. 

17. The source inductance reduces the regenerative power 
for the same value of machine speed and duty ratio 
of the chopper. It improves the stability of the j 

braking characteristics. A suitable value of buffer | 

t 

I 

condenser neutralizes the effect of source inductance. I 

! 

! 

t 

f 

f 

f 

I 

f 
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7.3 EFFECTS OF SOURCE INDUCTANCE ON IE SIGN OF CHOPPER 
COMMUTATION CIRCUITS 

Apart from the conclusions (2) , (3) ,(5) » ( 1 0) ,(l 3) » 

(14)> the following additional conclusions can be drawn. 

18. For a three thyristor chopper using an antiparallel diode 
across the main thyristor (case III, Figure 6.3(b)), the 
source inductance slightly improves the commutation of 
chopper. However, the voltage ratings of the 
components are increased, 

19. In case of chopper using resonant pulse commutation 
(case IV Figure 6. 3( c) ), source inductance adversely 
affects commutation by reducing circuit turn off time 
by a large amount. In such circuits a capacitor 
should always be used at the input terminals of the 
chopper, voltage ratings of the components remain 
unaffected. 
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APPENDICES 


(A) Particulars of the D.C. Separately Excited Motor; 
220V, D.C., JrH.P., 1500 r.p.m. 

The parameters determined by static test are 
1 = armature inductance (at rated current) = .088H 

d 

R_ = armature resistance = 4*13 ohms (hot) 

<X 

= Inductance of chopper charging circuit = .0005H 

L c = Inductance of filter inductance connected in 
armature circuit during regenerative braking 
= 300 mH 

Particulars of the Generator: 

200V, D.C., 3 KW, separately excited, 1500 r.p.m. 

L = Inductance of source = .040H (unsaturated D.C. 
s 

value ) 


(B) Machine Particulars: 

Machine I : 220V, D.C. separately excited, H.P. 

1400 r.p.m. Laminated pole. Laminated 
armature and solid iron yoke. 
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Machine II : 220V, 0.0. separately excited, tO H.P., 
1000 r.p.m. solid iron yoke, solid iron 
pole and laminated armature. 

Machine III : (Generalised Machine) 

Rotor : 230V, 8 imp. (AC/DC) 

Stator : 230V/115V, 3.6A/7.2A (A.C/D.C.) 

(series connection/parallel connection) 

Laminated Stator and Laminated rotor. 

Machine IV : 220V, D.C. series excited, 11 .5 Amps, 
1500 r.p.m. 

Laminated pole, solid iron yoke and 
laminated armature. 


Table B-1 


— J 
1 

c r 

\ 1 1 

A j n | 

1 ! 
o 1 

K9I 

Machine I 

1 .2 

22.0 

1.0 

0.12A 

0.139 

Machine II 

1 .2 

94 

0.7 

0.9 

3.35 

Machine III 

1 .0 

3.9 

1 .0 

4.16 

4.95 

j 

Machine IV 

1 .0 

34.5 

1 .0 

1 1 .0 

i 

45.497 
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Least Square Formulation for determination of constants 
»A 2 » and Ay 


The dynamic values of i are determined from the 
transient recording of armature induced voltage under 
no load condition due to a step voltage input to the field 
windings. It is assumed that the effective magnetisation 
current can be represented by 


"m 



-X,t - Apt -A,t 

(1-A,.e -A 2 .e * -A ye p 



where , I is the final steady state current due to a step 
Input voltage to the field. Then, the time constants 1 /in’ 
1/^2* are determined from semilog plots of = (I 0 -i m )/ 

(I 0 )) versus time t as mentioned in Section 4*2.5* Then 
some relation of the output data x^. and the kth interval can 
be represented by 


^“i * ® 



+ A^ • ® 



+ A 


3 * 



(A.1) 


Had equation (A1 ) represented the dynamics of the system 
correctly, and three sets of data would have been sufficient 
to determine A 1 ,Ag and Ay But because of inherent errors 
in the data as well as the inaccurate formulation of (Al) 
one has to take quite a number of data at regular intervals 
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utilizing a ‘least Square Error* criteria to get good 
estimation of the constants , A^» aIi< ^ ' 

Let Xq» , X 2 etc. represent the dynamic values 
of data at subsequent regular intervals, then 


x 0 

= *f A 2 + A^ 

for 

t = 0 


X 1 

:= * Z ^ +A^Z 

for 

t = T t 


x 2 

= A.j Zj +Ag * Z 2 + A^.Z^ 

for 

t = 2T 1 

(A2) 


a v 11 ” 1 4 . a 7 n ~ 1 + a 7 11 * 1 

: n-1 = V Z 1 +A 2‘ Z 2 + V Z 3 


"^ 2^1 

where , Zj = e * Z 2 ~ e 

z n-1 = (e " Vi J 11 - 1 and Z^ 1 = (e 


for t = (n-l)T 1 

, -V 

, — e 

'^2 ! hn-1 


e "fee * 


The equations (A2) can be written in matrix form as 
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As is not a square matrix, j~A^ cannot be determined 

by taking QdJ • DO- So, both sides of (A3) are 

premultiplied by [jcTJ ^ so that is a square 

matrix and then the inversion is carried out to determine 
A-j f A 2 3*n.<i A*2j • 
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